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1 ∣ Implications

Semantics and pragmatics are two subfields of linguistics that deal

with meaning. What is meaning? What is it to understand? For in-

stance, does Google understand language? Many might argue that

it does, in some sense. One could point to the fact that one can

type in, “350 USD in SEK” and get back “2232.23 Swedish Krona”

as the first result. This is a step toward understanding. But it can

be argued that in general, Google does not understand language

because it does not do inferences. For example, there is a webpage

that says:

(1) Beth speaks English, French and Spanish.

If we were to ask Google, “Does Beth speak German?”, Google would

not know the answer. It wouldn’t even know the answer if we

asked, “Does Beth speak a European language?”

A hallmark of a system or agent that understands language or

grasps meaning is that it can do these kinds of inferences. An-

other way to put this is that a good theory of meaning should

be able to explain when one sentence implies another sentence.

The implication relations that hold between sentences are per-

haps the main kind of facts that semantics and pragmatics try to

explain. (Semantics and pragmatics can also be used to explain

why certain sentences sound odd to native speakers, i.e., accept-

ability judgments, and facts about frequency in natural language

corpora.)
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What exactly does imply mean, i.e., what are implications?1

Implication can be defined either as a relation between two ideas

or as a relation between two sentences. We will define it as a rela-

tion between two sentences here. The definition should be weak

enough that it will cover all of the different types of implications

that we will discuss. The following definition will suit our pur-

poses:

(2) A sentence φ implies another sentence ψ if and only if:

By uttering φ, a speaker signals that ψ is true.

We useφ ‘phi’ andψ ‘psi’ as placeholders (variables) for sentences,

following the logical tradition of using Greek letters for variables

that range over expressions in the language that is being theorized

about (the object language, which is English here). To apply the

definition, we plug sentences in for these variables. For example:

(1) implies Beth does not speak German, because by uttering Beth
speaks English, French and Spanish, a speaker signals that Beth
does not speak German is true.

There are several different types of implications. In conjunc-

tion with the fact that French is a language, (1) logically implies

that Beth speaks a European language. This is an example of an

entailment. Entailment is defined as follows:

(3) A sentence φ entails a sentence ψ if and only if:

Whenever φ is true, ψ is true too.

In the following pairs, the (a) sentence entails the (b) sentence:

(4) a. All cars are blue.

1Terminological aside: An implication (or implication relation) is a relation

that holds between a premise and an implied conclusion. Strictly speaking, the

noun inference describes an act of inferring a conclusion from a premise, but in-
ference can also be used to mean implication. The verb infer is totally different

from the verb imply; a smart person infers a conclusion from a premise, but a

premise implies a conclusion. The subject of infer is the person doing the infer-

ence, but the subject of imply is the premise.
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b. All sportscars are blue.

(5) a. Mary invited Fred and Jack.

b. Mary invited Fred.

(6) a. I got into MIT yesterday.

b. I got into MIT.

(7) a. There are three pens on the table.

b. More than two pens are on the table.

Each of these examples satisfies the definition of entailment. For

example, given that all sportscars are cars, All cars are blue entails

All sportscars are blue, because in every imaginable world or sit-

uation where the former is true, the latter is true too. Whenever

There are three pens on the table is true, More than two pens are on
the table is true too.

Note that there are several other ways that entailment can be

defined (Chierchia & McConnell-Ginet, 1990):

(8) Alternative definitions of entailment from φ to ψ

a. The information that ψ conveys is contained in the in-

formation that φ conveys.

b. A situation describable by φ must also be a situation

describable by ψ.

c. φ and it is not that ψ is contradictory (can’t be true in

any situation).

For example, the information that More than two pens are on the
table conveys is contained in the information that There are three
pens on the table conveys; a situation describable by There are
three pens on the table must also be a situation describable by

More than two pens are on the table, and There are three pens on
the table and it is not true that more than two pens are on the table
cannot be true in any situation.
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Example (1) also implies that Beth does not speak German.

This is not an entailment. It derives from the assumption that the

languages listed make up an exhaustive list of the languages that

Beth speaks. (If she did speak German, the speaker would be “ly-

ing by omission”.) This is an example of a conversational implica-

ture. Conversational implicatures are inferences that the hearer

can derive using the assumption that the speaker is adhering to

the norms of conversation.

If I said, Beth no longer speaks French, I would signal a pre-

supposition that she spoke French at some time in the past. To

presuppose something is to take it for granted, to treat it as un-

controversial and known to everyone participating in the conver-

sation. Certain words and phrases, such as no longer, can be used

to signal presuppositions.

Semantics has to do with truth, and how the meaning of a sen-

tence is built up from the meaning of the parts, and thus deals

primarily with entailments. Pragmatics has to do with the inter-

action between meaning and context. Implicatures are the hall-

mark topic of pragmatics, and arguably do not fall in the realm of

semantics. There is a great deal of overlap between semantics and

pragmatics, though. The study of presuppositions, for example,

lies in the intersection between semantics and pragmatics. Since

this is a book about semantics, we will focus primarily on entail-

ments, and address presuppositions in the penultimate chapter.

The strategy we will follow to account for entailments is to as-

sign truth conditions to sentences. The idea is that knowing the

meaning of a sentence does not require knowing whether the sen-

tence is in fact true; it only requires being able to discriminate be-

tween situations in which the sentence is true and situations in

which the sentence is false. The truth conditions are the condi-

tions under which the sentence is true.

It would not be prudent to claim that meaning of a sentence

in natural language consists entirely in its truth conditions, al-

though this view is sometimes expressed. Heim & Kratzer (1998)
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begin their book with the following bold sentence: “To know the

meaning of a sentence is to know its truth conditions.” Many find

this view objectionable; meaning is not just truth conditions. The

non-entailment implications that a sentence has can also be con-

sidered part of its meaning. But truth conditions are a way of cap-

turing one aspect of meaning, namely entailment. If the truth

conditions for ψ are satisfied whenever the truth conditions for

φ are satsified, then we know that φ entails ψ.

How can we assign truth conditions to sentences of natural

languages like English? The philosopher Richard Montague (the

grandfather of modern formal semantics) proposed to treat En-

glish as a formal language, like the languages of formal logic. One

of his most well-cited articles begins, “I reject the contention that

an important theoretical difference exists between formal and nat-

ural language” (Montague, 1974a, 188). Indeed, there is a very

deep connection between logic and semantics. From the begin-

ning, logic has been oriented toward the question of what makes

for a valid argument, and this of course depends on the notion of

entailment. For example, the following is a valid argument:

(9) Socrates is a man. (Premise 1)

All men are mortal. (Premise 2)

Therefore, Socrates is mortal. (Conclusion)

The first two lines are the premises of the argument and the last

line is the conclusion. The argument is valid because the premises,

taken together, entail the conclusion. In other words, it is impos-

sible for the conclusion to be false whenever the premises are true.

In formal semantics, we make use of tools logicians use to define

the concept of validity and apply them to the problem of account-

ing for entailment relationships between sentences in natural lan-

guage.

To do this, we will use several ingredients. First, we need to

make certain assumptions about the nature of what language de-

scribes – what makes up reality and dreams and lies. For this, se-

manticists typically borrow ideas from set theory, which will be
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discussed in the next chapter. Using set theory, we can start talk-

ing about the notion of truth in a model. For example, we could

imagine a model where Beth speaks only Turkish, and in that model,

sentence 1 is false. The class of models where a sentence is true

can be seen as the truth conditions of a sentence.

The second ingredient we will use is an unambiguous formal

language that has a clearly defined relationship to these models.

To define such a language, we borrow tools from formal logic. Fi-

nally, we define rules connecting expressions of natural language

to this formal language. Once the natural language is connected

to the formal language, and the formal language is connected to

the models, we can determine when one natural language sen-

tence entails another, and what the truth conditions of natural

language sentences are.

Exercise 1. One of the hallmarks of presuppositions is that they

persist under negation and in questions. For example, whether I

say Mary has stopped smoking, Mary hasn’t stopped smoking, or

Has Mary stopped smoking? I imply that Mary has smoked in the

past. This is not true of entailments. For example, an entailment

of Mary owns a golden retriever is Mary owns a dog, and this does

not persist under negation; consider Mary does not own a golden
retriever and Does Mary own a golden retriever? Use this projec-

tion test to determine whether the following implications are en-

tailments or presuppositions.

(a) The flying saucer came again.

The flying saucer has come sometime in the past.

(b) The flying saucer came yesterday.

The flying saucer has come sometime in the past.
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Exercise 2. Two sentences have the same truth conditions if they

are true under exactly the same circumstances. Do the following

pairs of sentences have the same truth conditions, i.e., are they

logically equivalent?

(a) I know a bachelor.

I know an unmarried male.

(b) John likes Mary but he fears her.

John likes Mary and he fears her.

(c) Of all the students, only Mary got an A.

All of the students except Mary didn’t get an A.

(d) North Korea resembles China.

China resembles North Korea.

Exercise 3. A valid argument is one whose conclusion follows

from the premises. A sound argument is one whose premises are

true. Which of the following are valid? Which are sound?

(a) Every Spaniard is female; George Bush is a Spaniard; there-

fore, George Bush is female.

(b) 2+2 = 4; therefore, Paris is the capital of France.

(c) Every Swede is a socialist; Bernie Sanders is a socialist; there-

fore Bernie Sanders is a Swede.

(d) If 2+ 2 = 5 then the moon is made of green cheese; 2+ 2 = 5;

therefore, the moon is made of green cheese.
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Exercise 4. What are the three ingredients of the formal theory to

be presented in this book?



2 ∣ Sets, Relations, and Functions

Recall that one of the ingredients of our formal theory is a way

of modelling the realities, dreams, and lies that language depicts.

To achieve this, we need to introduce certain tools for describing

the circumstances under which a given sentence is true or false.

In this chapter, we will introduce the most fundamental of these

tools: sets, ordered pairs and relations, and functions.

2.1 Sets

A set is an abstract collection of distinct objects which are called

the members or elements of that set. Here is an example of a set:

{2,7,10}

This set contains three elements: the number 2, the number 7,

and the number 10. Notice that the members of the list are sepa-

rated by commas and enclosed by curly braces. To denote the fact

that 2 is a member of this set, we can write:

2 ∈ {2,7,10}

To denote the fact that 3 is not a member of this set, we can write:

3 /∈ {2,7,10}

This statement can be read, ‘3 is not an element of the set con-

taining 2, 7 and 10.’
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Note that the elements of a set are not ordered. Thus this set:

{2,5,7,4}

is exactly the same set as this set:

{5,2,4,7}

Sets can be very big or very small. Here is another example of

a set:

{2,4,6,8, ...}

The ellipsis notation (...) signals that the list of elements continues

according to the pattern. So this set is infinite; it contains all pos-

itive even numbers. But a set need not have multiple members; it

can have just one element:

{3}

This set contains just the number 3. If a set has only one member,

it is called a singleton. A set can even be empty. The set with no

elements at all is called the empty set, written either like this:

{}

or like this:

∅

The cardinality of a set is the number of elements it contains. The

cardinality of the empty set, for example, is 0. Cardinality is de-

noted with vertical bars surrounding the set: If A is a set, then ∣A∣
denotes the cardinality of A. So, for example:

∣{5,6,7}∣ = 3

This formula can be read, ‘The cardinality of the set containing 5,

6, and 7 is 3.’
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The members of a set can be all sorts of things. A set can, for

example, contain another set as an element. The following set:

{2,{1,3,5}}

contains two elements, not four. One of the elements is the num-

ber 2. The other element is a three-membered set. A set could

also, of course, contain the empty set as an element, as the follow-

ing set does:

{∅,2}

This set has two elements, not one.

Exercise 1. How many elements do the following sets contain?

(a) {2,3,{4,5,6}}

(b) ∅

(c) {∅}

(d) {∅,{3,4,5}}

(e) {∅,3,{4,5}}

In the kind of set theory that linguists typically use, elements

may be either concrete (like the beige 1992 Toyota Corolla I sold

in 2008, you, or your computer) or abstract (like the number 2,

the English phoneme /p/, or the set of all Swedish soccer players).

Partee et al. (1990) also point out:

A set may be a legitimate object even when our knowl-

edge of its membership is uncertain or incomplete.

The set of Roman emperors is well-defined even though

its membership is not widely known, and similarly the
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set of all former first-grade teachers is perfectly deter-

mined, although it may be hard to find out who be-

longs to it. For a set to be well-defined it must be clear

in principle what makes an object qualify as a mem-

ber of it...

When we can’t list all of the members of a set, we can use predi-

cate notation to describe the set of things meeting a certain con-

dition. To do that, we place a variable – a name that serves as

a placeholder – on the left-hand side of a vertical bar, and put a

description containing the variable on the right-hand side. For

example, to describe the set of numbers below zero, we can intro-

duce the variable n (for ‘number’), and use the description n < 0

to describe the condition that any number n must meet in order

to be counted as part of the set. The result looks like this:

{n ∣n < 0}

This expression can be read, ‘the set of numbers n such that n is

less than 0’. So the vertical bar is pronounced ‘such that’ in this

context.

The set {2,3} is not an element, but rather a subset of the set

{2,3,4}. In general, a set A is a subset of a set B if and only if every

member of A is a member of B . Put more formally:

A ⊆B iff for all x: if x ∈ A then x ∈B .

The word every can be be thought of as a relation between two sets

X and Y which holds if X is a subset of Y , i.e., if every member

of X is a member of Y . The sentence every musician snores, for

instance, expresses that every member of the set of musicians is a

member of the set of people who snore. This type of scenario can

be depicted as follows, with the blue circle for the snorers and the

red circle for the musicians.
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Here are some true statements:

{a,b}⊆ {a,b,c}

{b,c} ⊆ {a,b,c}

{a} ⊆ {a,b,c}

Things get slightly trickier to think about when the elements of the

sets involved are themselves sets. Here is another true statement:

{a,{b}} /⊆ {a,b,c}

The reason {a,{b}} is not a subset of {a,b,c} is that the former

has a member that is not a member of the latter, namely {b}. It is

tempting to think that {a,{b}} contains b but this is not correct.

The set {a,{b}}has exactly two elements, namely: a and {b}. The

set {b} is not the same thing as b. One is a set and the other might

not be. The following is a true statement, though:

{a,{b}} ⊆ {a,{b},c}

Every element of {a,{b}} is an element of {a,{b},c}, as we can

see by observing that the following two statements hold:

a ∈ {a,{b},c}

{b} ∈ {a,{b},c}

Note that the empty set is a subset (not an element!) of every set.

So, in particular:

∅⊆ {a,b,c}
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Since the empty set doesn’t have any members, it never contains

anything that is not part of another set, so the definition of subset

is always trivially satisfied. So whenever anybody asks you, “Is the

empty set a subset of...?”, you can answer “yes” without even hear-

ing the rest of the sentence. (If they ask you whether the empty set

is an element of some other set, then you’ll have to look among the

elements of the set in order to decide.)

Note also that by this definition, every set is actually a subset

of itself, even though normally we think of two sets of different

sizes when we think of the subset relation. So:

{a,b,c}⊆ {a,b,c}

To avoid confusion, it helps to distinguish between subsets and

proper subsets. A is a proper subset of B , written A ⊂ B , if and

only if A is a subset of B and A is not equal to B .

A ⊂B iff (i) for all x: if x ∈ A then x ∈B and (ii) A ≠B .

For example, {a,b,c}⊆ {a,b,c}but it is not the case that {a,b,c} ⊂
{a,b,c}.

The reverse of subset is superset. A is a superset of B , written

A ⊇B , if and only if every member of B is ia member of A.

A ⊇B iff for all x: if x ∈B then x ∈ A.

And as you might expect, A is a proper superset of B , written A ⊃
B , if and only if A is a superset of B and A is not equal to B .

A ⊃B iff (i) for all x: if x ∈B then x ∈ A and (ii) A ≠B .

The intersection of A and B , written A∩B , is the set of all en-

tities x such that x is a member of A and x is a member of B .

A∩B = {x ∣ x ∈ A and x ∈B}

For example:

{a,b,c}∩{b,c ,d} = {b,c}
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{b}∩{b,c ,d} = {b}

{a}∩{b,c ,d} =∅

{a,b}∩{a,b} = {a,b}

Intersection is very useful in natural language semantics. It can be

used as the basis for a semantics of and. For example, if someone

tells you that John is a lawyer and a doctor, then you know that

John is in the intersection between the set of lawyers and the set of

doctors. If the red circle in the following diagram represents doc-

tors, and the blue circle represents lawyers, then John is located

somewhere in the area where the two circles overlap, if he is both

a doctor and a lawyer.

The English determiner some could be thought of in terms of

intersection as well, as a relation between two sets X and Y which

holds if there is some member of X which is also a member of

Y , i.e., if the intersection between X and Y is non-empty. For in-

stance, some musician snores should be true if there is some indi-

vidual which is both a musician and a snorer.

No can be thought of as a relation between two sets X and Y
which holds if the two sets have no members in common, in other

words, if the intersection is empty. So no musician snores holds if

there is no individual who is both a musician and a snorer. In that

case, the two sets are disjoint, like so:
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Another useful operation on sets is union. The union of A and

B , written A∪B , is the set of all entities x such that x is a member

of A or x is a member of B .

A∪B = {x ∣ x ∈ A or x ∈B}

For example:

{a,b}∪{d ,e} = {a,b,d ,e}

{a,b}∪{b,c} = {a,b,c}

{a,b}∪∅ = {a,b}

As the reader can guess, union can be used to give a semantics for

or. If someone tells you that John is a lawyer or a doctor, then you

know that John is in the union of the set of lawyers and the set of

doctors. (You might normally assume that he is not in the inter-

section of doctors and lawyers though – that he is either a doctor

or a lawyer, but not both. This is called an exclusive interpretation

for or, and we will get to that later on.)

We can also talk about subtracting one set from another. The

difference of A and B , written A−B or A∖B , is the set of all entities

x such that x is an element of A and x is not an element of B .

A−B = {x ∣ x ∈ A and x /∈B}

For example, {a,b,c}−{b,d , f } = {a,c}. This is also known as the

relative complement of A and B , or the result of subtracting B
from A. A −B can also be read, ‘A minus B ’. Sometimes people

speak simply of the complement of a set A, without specifying

what the complement is relative to. This is still implicitly a relative

complement; it is relative to some assumed universe of entities.

Exercises on sets

The following exercises are taken from Partee, ter Meulen and Wall,

Mathematical Methods in Linguistics.
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Exercise 2. Given the following sets:

A = {a,b,c ,2,3,4} E = {a,b,{c}}
B = {a,b} F =∅
C = {c ,2} G = {{a,b},{c ,2}}
D = {b,c}

classify each of the following statements as true or false.

(a) c ∈ A (g) D ⊂ A (m) B ⊆G
(b) c ∈ F (h) A ⊆C (n) {B} ⊆G
(c) c ∈ E (i) D ⊆ E (o) D ⊆G
(d) {c} ∈E (j) F ⊆ A (p) {D} ⊆G
(e) {c} ∈C (k) E ⊆ F (q) G ⊆ A
(f) B ⊆ A (l) B ∈G (r) {{c}} ⊆ E

Exercise 3. Consider the following sets:

S1 = {{∅},{A}, A} S6 =∅
S2 = A S7 = {∅}
S3 = {A} S8 = {{∅}}
S4 = {{A}} S9 = {∅,{∅}}
S5 = {{A}, A}

(a) Of the sets S1−S9, which are members of S1?

(b) Which are subsets of S1?

(c) Which are members of S9?

(d) Which are subsets of S9?

(e) Which are members of S4?

(f) Which are subsets of S4?
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Exercise 4. Given the sets A, ...,G from above, repeated here:

A = {a,b,c ,2,3,4} E = {a,b,{c}}
B = {a,b} F =∅
C = {c ,2} G = {{a,b},{c ,2}}
D = {b,c}

list the members of each of the following:

(a) B ∪C

(b) A∪B

(c) D ∪E

(d) B ∪G

(e) D ∪F

(f) A∩B

(g) A∩E

(h) C ∩D

(i) B ∩F

(j) C ∩E

(k) B ∩G

(l) A−B

(m) B − A

(n) C −D

(o) E −F

(p) F − A

(q) G −B

Exercise 5. Let A = {a,b,c}, B = {c ,d}, C = {d ,e, f }. Calculate the

following:

(a) A∪B

(b) A∩B

(c) A∪(B ∩C)

(d) C ∪ A

(e) B ∪∅

(f) A∩(B ∩C)

(g) A−B
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(h) Is a a member of {A,B}?

(i) Is a a member of A∪B?

2.2 Ordered pairs and relations

The meanings of common nouns like cellist and intransitive verbs

like snores are often thought of as sets (the set of cellists, the set

of individuals who snore, etc.). Transitive verbs like love, admire,

and respect are sometimes thought of as relations between two in-

dividuals. Technically, a relation is a set of ordered pairs.

2.2.1 Ordered pairs

As stated above, sets are not ordered:

{a,b} = {b, a}

But the elements of an ordered pair written ⟨a,b⟩ are ordered.

Here, a is the first member and b is the second member.

⟨a,b⟩ ≠ ⟨b, a⟩
An ordered pair always consists of two members, a first mem-

ber and a second member. But like sets, the members of an or-

dered pair can be almost anything. Here is an ordered pair of

numbers: ⟨3,4⟩
A member of an ordered pair could also be a set, as in the or-

dered pair whose first member is the set {a,b,c} and whose sec-

ond member is the set {d ,e, f }, written:

⟨{a,b,c},{d ,e, f }⟩
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Alternatively, one or both of the members could be an ordered

pair, as in the following:

⟨3,⟨10,12⟩⟩
In this ordered pair, the first member is the number 3, and the sec-

ond member is the ordered pair ⟨10,12⟩. Note that ⟨3,{10,12}⟩
is not the same thing as ⟨3,⟨10,12⟩⟩. The first is an ordered pair

whose second member is the set containing 10 and 12; the sec-

ond is an ordered pair whose second member is the ordered pair⟨10,12⟩.

Exercise 6. True or false?

(a) {3,3} = {3}
(b) {3,4} = {4,3}
(c) ⟨3,4⟩ = ⟨4,3⟩
(d) ⟨3,3⟩ = ⟨3,3⟩
(e) {⟨3,3⟩} = ⟨3,3⟩
(f) {⟨3,3⟩,⟨3,4⟩} = {⟨3,4⟩,⟨3,3⟩}
(g) ⟨3,{3,4}⟩ = ⟨3,{4,3}⟩
(h) {3,{3,4}} = {3,{4,3}}

2.2.2 Relations

As mentioned above, transitive verbs like love, admire, and respect
are sometimes thought of as relations between two individuals.

Certain nouns like mother can also be thought of as expressing

relations. The ‘love’ relation can be treated as the set of ordered
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pairs of individuals such that the first member loves the second

member. Suppose John loves Mary. Then the pair ⟨John, Mary⟩ is

a member of this relation.

A relation has a domain and a range. The domain is the set of

objects from which the first members are drawn, and the range is

the set of objects from which the second members are drawn. If

R is a relation between two sets A and B , then we say that R is a

relation from A to B . For example, the mother relation might be

thought of as a relation from female animals to animals.

If R is a relation from A to B , then R is a subset of the so-called

Cartesian product of A and B , i.e. R ⊆ A×B . The Cartesian product

is intuitively the result of crossing two sets. More specifically, the

Cartesian product of two sets A and B , written A×B , is the set of

ordered pairs that can be constructed by pairing a member of A
with a member of B .

A×B = {⟨x, y⟩ ∣ x ∈ A and y ∈B}
For example, the Cartesian product of {a,b,c} and {1,0} is:

{⟨a,1⟩,⟨a,0⟩,⟨b,1⟩,⟨b,0⟩,⟨c ,1⟩,⟨c ,0⟩}

Exercise 7. All of the following are relations from the set contain-

ing the Nordic countries (Iceland, Sweden, Norway, Finland, and

Denmark) to {0,1}:
R1: {⟨Sweden,0⟩, ⟨Norway,0⟩, ⟨Iceland,1⟩, ⟨Demmark,1⟩, ⟨Finland,1⟩}
R2 ∶ {⟨Sweden,1⟩, ⟨Norway,1⟩, ⟨Iceland,0⟩, ⟨Demmark,0⟩, ⟨Finland,0⟩}
R3: {⟨Sweden,1⟩, ⟨Norway,1⟩}
R4 ∶ {⟨Sweden,1⟩, ⟨Norway,1⟩, ⟨Iceland,0⟩, ⟨Demmark,0⟩, ⟨Finland,0⟩,
⟨Sweden,0⟩, ⟨Norway,0⟩}
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R5: {Sweden,Norway,Iceland,Denmark,Finland} × {0,1}
Questions:

(a) All of these relations have the same domain. What is it?

(b) All of these relations have the same range. What is it?

(c) True or false:

All of these relations are subsets of the Cartesian product of{Iceland, Sweden, Norway, Finland, Denmark} and {0,1}.

2.3 Functions

Now we are ready to introduce functions. Intuitively, a function

is like a vending machine: It takes an input (e.g. a specification

of which item you would like to buy), and gives an output (e.g. a

chocolate bar). (Let us set aside the fact that vending machines

typically also require an input of money.) This kind of idea can

be treated mathematically as a relation from the set of inputs to

the set of outputs. Importantly, for something to be a function, it

must be predictable exactly which output you are going to get for

a given input. So every input should be paired with one and only

one output. In Figure 2.1, the relations depicted are not functions.

In Figure 2.2, the relations depicted are functions.

Formally, a function is a special kind of relation. (Very special!

Functions lie at the heart of modern formal semantics.) A rela-

tion R from A to B is a function if and only if it meets both of the

following conditions:

• Each element in the domain is paired with just one element

in the range.

• The domain of R is equal to A.
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domain

range

domain

range

Figure 2.1: Two non-functions

For example, {⟨0,0⟩,⟨0,1⟩} is not a function because given the in-

put 0, there are two outputs: 0 and 1.

Exercise 8. Which of the relations R1 −R5 are functions? It may

help to draw them.

We write F(a) to denote ‘the result of applying function F to

argument a’ or F of a’ or ‘F applied to a’. If F is a function that

contains the ordered pair ⟨a,b⟩, then:

F(a) = b

This means that given a as input, F gives b as output.

Exercise 9. Given R1 as defined above:

(a) What value does R1 take, given Norway as an argument?
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domain

range

domain

range

Figure 2.2: Two functions

(b) In other words, what is R1(Norway)?

(c) What is R1(Iceland)?

(d) What is R2(Norway)?

Characteristic function. As mentioned above, the semantics of

common nouns like tiger and picnic and student are sometimes

thought of in terms of sets – the set of tigers, the set of picnics, the

set of students. But another way of treating their meaning is as

functions from individuals to truth values. For example, the set of

children in the Simpsons family is {Bart, Maggie, Lisa}. One pos-

sible analysis of the word child relative to the Simpsons domain

is this set. But we could also treat it as a function that takes an

individual and returns a truth value (0 or 1; 0 for “false” and 1 for
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“true”):

{⟨Homer,0⟩,⟨Marge,0⟩,⟨Bart,1⟩,⟨Lisa,1⟩,⟨Maggie,1⟩}
Here is an alternative way of writing the same thing:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 0

Marge → 0

Bart → 1

Lisa → 1

Maggie → 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
This function, applied to Lisa, would yield 1 (“true”). Applied to

Homer, it would yield 0 (“false”), because Homer is not a child (de-

spite the fact that Lisa is more mature than he is). A function that

yields 1 (“true”) for every input that is in set S is called the charac-

teristic function of S. The function we have just been looking at

is the characteristic function of the set {Bart, Lisa, Maggie}.
Exercise 10.

(a) What set is R1 is the characteristic function of? (You can define

it by listing the elements.)

(b) What set is R2 is the characteristic function of?

(c) Give the characteristic function of the set of Scandinavian

countries, with the set of Nordic countries as its domain.

2.4 Negative polarity items

With some basic tools from set theory, we can start to get a grip

on one of the classic puzzles of semantics. Here is the puzzle.

There are certain words of English, including any, ever, yet, and

anymore, which can be used in negative sentences but not posi-

tive sentences:
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(1) a. Chrysler dealers don’t ever sell any cars anymore.

b. *Chrysler dealers ever sell any cars anymore.

These are called negative polarity items (NPIs). It’s not just neg-

ative environments where NPIs can be found. Here is a sampling

of the data (Ladusaw, 1980).

(2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

No one

At most three people

Few students

*Someone

*At least three people

*Many students

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
who had ever read anything about

phrenology attended any of the lectures.

(3) I

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

never

rarely

seldom

*usually

*always

*sometimes

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
ever eat anything for breakfast anymore.

(4) a. John finished his homework { without

*with
} any help.

b. John voted { against

*for
} ever approving any of the pro-

posals.

(5) John will replace the money

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

before

if

*after

*when

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
anyone ever misses

it.

(6) It’s

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

hard

difficult

*easy

*possible

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
to find anyone who has ever read anything
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much about phrenology.

(7) John

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

doubted

denied

*believed

*hoped

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
that anyone would ever discover that the

money was missing.

(8) It

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

is unlikely

is doubtful

amazed John

*is likely

*is certain

is surprising

*is unsurprising

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

that anyone could ever discover that

the money was missing.

So, along with negation, there are words like hard and doubt and

unlikely which license negative polarity items.

The issue is made a bit more complex by the fact that words

differ as to where they license negative polarity items. No licenses

NPIs throughout the sentence:

(9) a. No [ student who had ever read anything about phrenol-

ogy ] [ attended the lecture ].

b. No [ student who attended the lectures ] [ had ever read

anything about phrenology ].

But the determiner every licenses NPIs only in the noun phrase

immediately following it:

(10) a. Every [ student who had ever read anything about phrenol-

ogy ] [ attended the lecture ].

b. *Every [ student who attended the lectures ] [ had ever
read anything about phrenology ].

This shows that the ability to license negative polarity items is not

a simple yes/no matter for each lexical item.
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Ladusaw (1980) illustrated a correlation between NPI licens-

ing and “direction of entailment”. A simple, positive sentence con-

taining the word cellist will typically entail the corresponding sen-

tence containing the word musician:

(11) a. Mary is a cellist.

b. ⇒Mary is a musician.

We can describe this situation in terms of sets and subsets. If we

think of these terms as being arranged visually in a taxonomic hi-

erarchy with more specific concepts at the bottom, we can say that

the inference in (8) proceeds from lower (more specific) to higher

(more general), hence “upwards”.

musician

string player

cellist violinist ...

brass player

trombonist ...

...

An entailment by a sentence of the form [... A ... ] to a sen-

tence of the form [ ... B ... ] where A is more specific than B can

thus be labelled an upward entailment. Here is another upward

entailment:

(12) a. Some cellists snore.

b. ⇒ Some musicians snore.

But negation and the determiner no reverse the entailment pat-

tern:

(13) a. Mary isn’t a musician.

b. ⇒Mary isn’t a cellist.
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(14) a. No musicians snore.

b. ⇒No cellists snore.

These entailments are called, as the reader may have guessed, down-

ward entailments, because they go from more general (higher) to

more specific (lower).

There is a correlation between NPI-licensing and downward

entailment: NPIs occur where downward entailments occur. Com-

pare the following examples to the NPI data for no, some and every
above.

(15) a. No musician snores.⇒No cellist snores. (downward)

b. No musician snores.⇒No musician snores loudly. (downward)

(16) a. Every musician snores.⇒ Every cellist snores. (downward)

b. Every musician snores loudly.⇒ Every musician snores. (upward)

(17) a. Some cellists snore.⇒ Some musicians snore. (upward)

b. Some musician snores loudly.⇒ Some musician snores. (upward)

Ladusaw’s generalization was as follows: An expression licenses
negative polarity items in its scope if it licenses downward entail-
ments in its scope. The “scope” of an expression is the constituent

it combines with syntactically. We can assume that a determiner

like no, every, or some combines syntactically with the noun next

to it, and that the resulting noun phrase combines syntactically

with the verb phrase, and the following syntactic structure in par-

ticular:1

1S stands for “Sentence”, NP stands for “Noun Phrase”, VP stands for “Verb
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S

NP

D

no

N′

musician

VP

snores

So no licenses NPIs in the N′, and the expression no musician li-

censes NPIs and downward entailments in the VP. Every licenses

NPIs in the N ′, but the expression every musician does not license

NPIs or downward entailments in the VP.

Consider what happens when we consider a subset X ′ of X
(e.g., the set of cellists). Every X Y means that X is a subset of Y .

If that is true, then any subset X ′ of X will also be a subset of Y .

This can be visualized as follows, with the innermost circle repre-

senting the cellists.

So, for example, if Every musician snores is true, then Every cellist
snores is also true. Since every X Y entails every X ′Y for every X ′

that is a subset of X , we can say that every is left downward mono-

tone (“left” because it has to do with the element on the left, X ,

rather than the element on the right, Y .) In general, a determiner

δ is left downward monotone if δX Y entails δX ′Y for all X ′ that

are subsets of X .

Phrase”, D stands for “Determiner”, and N′ should be read “N-bar”; it stands

for an intermediate phrase level in between nouns and noun phrases. Do an

internet search for “X-bar syntax” to find out more about it. The triangles in the

trees indicate that there is additional structure that is not shown in full detail.
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A determiner δ is right downward monotone if δX Y entails

δX Y ′ for any Y ′ that is a subset of Y . Let us consider whether

every is right downward monotone. Suppose that every X Y is true.

Then X is a subset of Y . Now we will take a subset of Y , Y ′. Are we

guaranteed that X is a subset of Y ′? No! Consider the following

scenario.

Or think about it this way: Just because every musician snores

doesn’t mean that every musician snores loudly. So every is not

right downward monotone.

Now let us consider some. With some, we are not guaranteed

that the sentence will remain true when we replace X with a sub-

set X ′. Some X Y means that the intersection of X and Y contains

at least one member. If we take a subset X ′ of X , then we might

end up with a set that has no members in common with Y , like

this:

So, for example, suppose that Some musician snores is true. This

does not mean that Some cellist snores is true, because it could

be the case that none of the musicians who snore are cellists. So

some is not left downward monotone. By analogous reasoning, it

isn’t right downward monotone either.
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Exercise 11. Is no left downward monotone? Is it right downward

monotone? Explain. So, does Ladusaw’s generalization work for

no? Explain.

Exercise 12. For each of the examples in (2), (3), and (4), check

whether Ladusaw’s generalization works. Are downward entail-

ments licensed in exactly the places where NPIs are licensed?

(Note that the examples that you need to construct in order to test

this need not contain NPIs; they can be examples like the ones in

(15), (16) and (17).)

Note that although Ladusaw’s generalization works surpris-

ingly well considering its simplicity, there are certain complica-

tions. One issue is how to explain the presence of negative polarity

items in questions; cf. Did you have any problems? On the basis of

this and other data, Giannakidou (1999) offers a theory of negative

polarity item licensing based on a notion called ‘veridicality’. An-

other issue is that presupposition needs to be taken into consider-

ation. For example, recall that before and if license NPIs and after
and when do not. So before and if should be downward-entailing

and after and when should not be. Based on the following exam-

ples, it seems that after and when are not downward-entailing,

and if is downward-entailing, but before is not, although intuitions

are not entirely clear on this point.

(18) a. John will replace the money before he gets to France.

b. /⇒ John will replace the money before he gets to Paris.

(19) a. John will replace the money if he gets to France.

b. ⇒ John will replace the money if he gets to Paris.

(20) a. John will replace the money after he gets to France.
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b. /⇒ John will replace the money after he gets to Paris.

(21) a. John will replace the money when he gets to France.

b. /⇒ John will replace the money when he gets to Paris.

Whether or not one gets the intuition that (18a) entails (18b) seems

to depend on whether or not one assumes that John will get to

Paris. Assuming that John will get to Paris, (18a) does seem to

imply (18b), because John will get to France either before he gets

to Paris or simultaneously.2 This is the kind of observation that

motivated von Fintel (1999) to introduce the concept of Strawson
Downward-Entailment (although von Fintel did not address be-
fore per se). An environment is Strawson downward-entailing if

it is downward-entailing under the assumption that all of the pre-
suppositions of both sentences are true. The discussion about how

to account for the distribution and meaning of negative polarity

items is a rich one that is still ongoing.

2Similarly, Condoravdi (2010) observes that Ed left before we were in the room
does not intuitively imply Ed left before we were in the room standing by the win-
dow, but the inference does go through if we assume that we were standing by

the window.





3 ∣ English as a Formal Language

3.1 Homer snores

Now we will begin to talk about natural language expressions and

their denotations. We use denotation brackets !⋅" to connect nat-

ural language expressions with their denotations. The denotation

brackets represent a function that maps natural language expres-

sions the individuals, sets, relations, etc. that they denote. Sup-

pose that the denotation of the noun phrase Homer is the individ-

ual Homer Simpson. We can write this as follows:

!Homer" =Homer Simpson

Note that we use italics when we are talking about English. The

language that we are talking about is called the object language

(as opposed to the meta-language, which is the language we use

to talk about the object language). Throughout this book, italics

are used for object language (as well as emphasis). Suppose that

the denotation of the verb snores is as follows:

!snores" = {⟨Homer,1⟩,⟨Marge,1⟩,⟨Bart,1⟩,⟨Lisa,0⟩,⟨Maggie,0⟩}
Here is another way of writing the same thing:

!snores" =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 1

Marge → 1

Bart → 1

Lisa → 0

Maggie → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
41
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This function, when applied to Homer, equals 1:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 1

Marge → 1

Bart → 1

Lisa → 0

Maggie → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(Homer) = 1

Hence !snores"(Homer)=1, which in turn means that:

!snores"(!Homer")=1.

This formula can be read, ‘The denotation of the verb snores ap-

plied to the denotation of the name Homer is equal to 1.’ Note:

Suppose we made a mistake and forgot to put denotation brack-

ets around Homer as follows:

!snores"(Homer)=1

Then we would be applying the function denoted by the verb snores
to the name Homer, rather than the bearer of that name. So this

latter formula says that the name Homer snores.

Exercise 1. Assume that !Marge" = Marge.

(a) What is the value of !snores"(!Marge")?

(b) What is the value of !snores"(Marge)?

(c) Does it make any sense to write !snores" (Marge)? Why or why

not?

Now let us consider how to define the denotation of a sen-

tence like Homer snores. Rather than assigning denotations to se-

quences of words, we will assign denotations to structural anal-

yses of sentences (syntax trees), in order to avoid having to deal
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with syntactic ambiguity when we are doing semantics. Let us be-

gin with a simple grammar that generates sentences like Homer
snores and Homer loves Marge. It says that a sentence (S) can be

made up of a noun phrase (NP) and a verb phrase (VP), and a verb

phrase can be made up of a verb (V) and a noun phrase (NP), or

just a verb. (The parentheses indicate optionality.)

(1) Syntax
S → NP VP

VP → V (NP)

Here we are using rewrite rules in the style of context-free gram-

mar, a practice introduced into linguistics in the 1950s by Noam

Chomsky (see for example Chomsky 1957, 1965). The expressions

of category S are the sentences of the language. We may assume

in addition the following simple lexicon (specifying which words

of which categories there are).

(2) Lexicon

NP: Bart, Maggie, Homer, Marge, Lisa
V: snores, loves

This grammar generates analysis trees including the following:

S

NP

Homer

VP

V

snores

S

NP

Homer

VP

V

loves

NP

Maggie

It is trees like this that we will place inside denotation brackets,

like so:
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(3)

8999999999999:

S

NP VP

Homer V

snores

;<<<<<<<<<<<<=
(So technically, this will be undefined: !Homer snores".)

We said above that !Homer" is the individual Homer Simpson,

and !snores" is a function which, when applied to Homer, yields

the value 1 (“true”). So intuitively, the sentence is true. This means

that the value of the expression in (3) should be the result of ap-

plying !snores" to !Homer". This is the result that should come

out, intuitively. But so far, we have not specified any rules in our

semantic system that would derive this result. We can fill this gap

by adopting the principle of Functional Application:

Composition Rule 1: Functional Application (FA). If γ is a

tree whose only two subtrees are α and β, and !β" is a func-

tion whose domain contains !γ", then !α"= !β"(!γ").

Notice that we are using Greek letters (α ‘alpha’, β ‘beta’, and γ

‘gamma’) as variables that range over expressions of the object

language (trees). The tree inside the denotation brackets in (3)

has two subtrees, the NP and the VP. The VP denotes a function

whose domain includes the denotation of the NP. Hence the rule

of Functional Application implies that the denotation of the S-tree

is the denotation of the VP-tree applied to the denotation of the

NP-tree:
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8999999999999:

S

NP VP

Homer V

snores

;<<<<<<<<<<<<=

=

899999999:

VP

V

snores

;<<<<<<<<=
⎛
⎝
89999:

NP

Homer

;<<<<=
⎞
⎠

The parentheses in the above expression signify the result of ap-

plying a function to its argument.

We still haven’t said enough to compute the meaning of the

sentence. We know what !Homer" is but we haven’t said yet what

89999:
NP

Homer

;<<<<=
is. To remedy this, let us add a rule for unary branching nodes

(nodes in the tree that have only one daughter), letting the seman-

tic value be passed up from daughter to mother in case there is

only one daughter:

Composition Rule 2: Non-branching Nodes (NN). If α is a

tree whose only subtree is β, then !α"=!β".

The Non-branching Nodes rule tells us that:

89999:
NP

Homer

;<<<<= = !Homer"

and that: 899999999:

VP

V

snores

;<<<<<<<<=
=
89999:

V

snores

;<<<<=
= !snores"
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Now we are in a position to calculate the denotation for the

whole sentence:

8999999999999:

S

NP VP

Homer V

snores

;<<<<<<<<<<<<=
=

899999999:

VP

V

snores

;<<<<<<<<=
⎛
⎝
89999:

NP

Homer

;<<<<=
⎞
⎠

= !snores"(!Homer")

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 1

Marge → 1

Bart → 1

Lisa → 0

Maggie → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(Homer)

= 1

Note that we used the Non-branching Nodes rule several times at

once in the transition between the second line and the third line.

Exercise 2. How many times was Non-branching Nodes used in

the transition between the second line and the third line?

Exercise 3. Do a step-by-step calculation of the semantic value

of Bart snores, assuming that !Bart"=Bart, and show your work.
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Mention the composition rules (Functional Application, Non-

branching Nodes) that you use at each step.

3.2 Homer loves Maggie

Let us assume that loves Maggie also denotes the characteristic

function of a set, the set of individuals who love Maggie. Then

Homer will be able to combine with loves Maggie in the same way

that it combines with snores. Let us assume that every individual

loves Maggie except for Bart. So loves Maggie should turn out to

denote the following function:

(4) {⟨Homer,1⟩,⟨Marge,1⟩,⟨Bart,0⟩,⟨Lisa,1⟩,⟨Maggie,1⟩}
Alternative notation:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 1

Marge → 1

Bart → 0

Lisa → 1

Maggie → 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
For example, since Homer loves Maggie, the denotation of loves
Maggie applied to Homer equals 1 (true).

What meaning can we assign to loves so that loves Maggie has

(4) as its denotation? If we analyze a transitive verb like loves as a

function, then we can use Functional Application to put together

the meaning of a transitive verb with its object as well. The re-
sult of applying that function to its direct object should itself be

a function that can combine via Functional Application with the

subject. So loves should denote a function which, when applied

to the denotation of Maggie, yields (4). So it should turn out to be

the case that:

(5) !loves"(!Maggie")

= {⟨Homer,1⟩,⟨Marge,1⟩,⟨Bart,0⟩,⟨Lisa,1⟩,⟨Maggie,1⟩}
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At this point, it may be useful to preview the notion of se-

mantic type. This gives us a vocabulary for distinguishing among

the different kinds of denotations that expressions of natural lan-

guage may have. Let us distinguish two basic types:

• Type e for individual entities like Bart and Lisa

• Type t for truth values (0 and 1)

We refer to the set of individuals as De ‘the domain of individu-

als’ and the set of truth values as Dt ‘the domain of truth values’.

We also have complex types, for functions. A complex type is an

ordered pair whose first member is the type for the inputs and

whose second member is the type for the outputs. For example,⟨e, t⟩ is the type for functions from individuals to truth values. A

function whose domain is De and whose range is Dt is in D⟨e,t⟩,

the set of functions from individuals to truth values.

If the denotation of an expression is in Dτ, for some type τ,

then we can say that the expression itself is of type τ. For example,

both snores and loves Maggie denote functions in D⟨e,t⟩, because

they are expressions that denote functions which take an individ-

ual as an input, and give a truth value as an output. So both snores
and loves Maggie are expressions of type ⟨e, t⟩.

What type is the verb loves? This transitive verb takes the de-

notation of the direct object as an input, because the verb forms

a syntactic constituent with its direct object, and produces as a

result something that has the same type as an intransitive verb.

Assume that the direct object denotes an individual, as in the case

of Bart loves Maggie; we’ll come to more complicated cases later.

So the domain of the function denoted by loves is De , the set of

individuals. The output of the function is always itself a function:

one that expects an individual, and returns a truth value. So the

range of the function denoted by loves is D⟨e,t⟩. Since the domain

is De , and the range is D⟨e,t⟩, the function denoted by loves is a

member of the set D⟨e,⟨e,t⟩⟩, and the type of loves is ⟨e,⟨e, t⟩⟩.
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Here is a schematic representation of how the derivation for a

sentence like Homer loves Maggie will go:

(6) t

e

Homer

⟨e, t⟩
⟨e,⟨e, t⟩⟩

loves

e

Maggie

When the transitive verb applies to the denotation of the direct

object (namely Maggie), the result will be a function in D⟨e,t⟩ . That’s

why the type for the VP loves Maggie is ⟨e, t⟩. This is the perfect

type to combine via Functional Application with the subject. Just

like an intransitive verb, loves Maggie combines with an individual

(type e) to produce a truth value (type t ).

Notice that we are using Functional Application in two differ-

ent syntactic environments. We used it to put a subject NP to-

gether with a VP, and in that case the constituent on the right was

the function and the constituent on the left was the argument.

We also used it to put together a transitive verb with its object,

and in that case the constituent on the left was the function and

the constitutent on the right was was the argument. So the rule

of Functional Application doesn’t care about order, or the syntac-

tic category of the elements that it combines; it only cares about

semantic type. This strategy is what is called type-driven inter-

pretation (Klein & Sag 1985; see also Bittner 1994). According to

Frege’s conjecture, there is only one principle that we need to de-

rive the meanings of complex expressions from the meanings of

their parts: Functional Application. Indeed, there is a great deal

that can be done with Functional Application alone. But in later

chapters we will introduce a handful of additional principles for

semantic composition.

Now, is the sentence true or false? That depends on the state



50 English as a Formal Language

of the world. Suppose that the state of the world is as follows. Ev-

erybody but Bart loves Maggie, everybody loves themselves, and

nobody else loves anybody else. Then the denotation of loves,

!loves", is as in Figure 3.1: The first argument of this function rep-

resents the person who is loved, and the second argument repre-

sents the lover. This works out nicely with the fact that the verb

forms a syntactic constituent with the direct object, the position

where the person who is loved is represented. Functional Applica-

tion will dictate that the verb combines first with the direct object,

and the verb phrase then combines with the subject.

Exercise 4.

(a) Is !loves"(Maggie)(Lisa) the denotation of Maggie loves Lisa or

Lisa loves Maggie? Think about which argument the verb will

combine with first.

(b) What is the value of !loves"(Lisa)?

(c) What is the value of !loves"(Lisa)(Maggie)?

(d) What is the value of !loves"(Maggie)(Lisa)?

3.3 Models: a preview

The astute reader may have noticed that the function in Figure

3.1 cannot possibly be the denotation of loves, if not least because

things could be otherwise. Suppose that Bart did love Maggie. Then

the value of !loves"(Maggie)(Bart) should be 1, not 0. In other

words, the meaning of the word snores or the phrase loves Mag-
gie is not (the characteristic function of) any particular set; it is

something more general that should allow us to pick out the right

set of individuals in any given situation. A related worry is that we

haven’t said anything that allows us to explain entailments, depite
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Maggie →
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 1

Marge → 1

Bart → 0

Lisa → 1

Maggie → 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Lisa →
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 0

Marge → 0

Bart → 0

Lisa → 1

Maggie → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Bart →
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 0

Marge → 0

Bart → 1

Lisa → 0

Maggie → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Homer →
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 1

Marge → 0

Bart → 0

Lisa → 0

Maggie → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Marge →
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Homer → 0

Marge → 1

Bart → 0

Lisa → 0

Maggie → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Figure 3.1: The denotation of loves
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the fact that we said in the first chapter that accounting for en-

tailments is perhaps the primary job of semantics. Both of these

worries can be at least partially addressed by bringing the notion

of a model into the picture.

Recall that φ entails ψ if and only if: whenever φ is true, ψ is
true. In setting up the foundations for a semantic theory, we have

to decide exactly what we mean by “whenever”. One possible way

of doing that is with models: In all models where φ is true, ψ is

true. This is typically how entailment is defined in logic. Denota-

tion is relativized to a model, so that instead of !φ" we have !φ"M .

The model determines the denotations of words like snores and

loves in the model (sometimes called “content words”, which cor-

respond to the “non-logical constants” in logic).

A sentence might be true in one model but false in another.

For example, take two models M1 and M2, and imagine that Bart

snores in M1 but doesn’t snore in M2. In particular, suppose that

the denotation of snores in M1 and M2 is as follows:

• !snores"M1 =

⎡⎢⎢⎢⎢⎢⎣
Bart → 1

Maggie → 1

Homer → 0

⎤⎥⎥⎥⎥⎥⎦
• !snores"M2 =

⎡⎢⎢⎢⎢⎢⎣
Bart → 0

Maggie → 0

Homer → 0

⎤⎥⎥⎥⎥⎥⎦
Then it will turn out that the denotation of Bart snores in M1 will

be 1 (true), and its denotation in M2 will be 0 (false).

If a sentence φ is true in model M , that is, !ψ"M = 1, then we

can write M ⊧ φ. Then we can say that φ semantically entails ψ

if an only if, for all M , if M ⊧ φ then M ⊧ ψ. Logical entailment

between two sentences is written with the same symbol, so φ⊧ψ
stands for “φ semantically entails ψ”.

(7) Semantic entailment

φ⊧ψ iff for all M , if M ⊧φ then M ⊧ψ.
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For example, given a suitable analysis of someone, it should turn

out that Bart snores semantically entails someone snores, because

in every model where Bart snores is true, someone snores is also

true.

Take another example. We said above that Mary is a cellist en-

tails Mary is a musician. Given our definition of entailment, this

means that in every model where Mary is a cellist is true, Mary is
a musician is also true. So there should be no models where Mary

is a cellist but not a musician. In other words, it should be impos-
sible for Mary to be a cellist without also being a musician. One

could debate whether the entailment really holds in this sense,

especially in light of certain contemporary “music”. But assum-

ing it does hold, then we need to say something about what it

means to be a cellist in order to rule out models where there are

non-musician cellists. Richard Montague suggested doing this via

meaning postulates, which act as restrictions on possible models.

By specifying what a model would have to be like in order for a

sentence to be true, we are effectively assigning truth conditions

to sentences. Recall that knowing the meaning of a sentence does

not require knowing whether the sentence is in fact true; it only

requires being able to discriminate between situations in which

the sentence is true and situations in which the sentence is false.

The truth conditions are the conditions under which the sentence

is true. Another way of thinking about truth conditions is in terms

of models: the truth conditions determine what a model would
have to be like in order for the sentence to be true.

In the next chapter, we will study a series of simple formal lan-

guages in which truth is relative to a model. We can then use these

languages to represent the truth conditions of sentences in natu-

ral languages.





4 ∣ Logic

4.1 Propositional calculus

We will begin by looking at a simple logic, called propositional
logic or propositional calculus, which contains letters standing for

propositions. Propositions are the kinds of things that can be true

or false, such as It is raining and Snow is white, typically encoded

in English using complete declarative sentences. In propositional

logic, we have expressions like this:

P ∧Q ‘P and Q ’

P ∨Q ‘P or Q ’

P →Q ‘P implies Q ’

¬P ‘not P ’

Propositional calculus is a language, and as such it has a syntax

and a semantics. The expressions just listed are formulas in this

language, which have denotations in a model. In propositional

calculus, the denotations are very simple, always 0 (false) or 1

(true). A model for propositional calculus determines the value

of the proposition letters (e.g. P and Q), and the truth or falsity of

these sentences depends on the value of the proposition letters in

the model and the way that the connectives (∧, ∨, →, and ¬) are

defined. The semantics of the connectives is often laid out using

truth tables, to which we turn first.

55
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4.1.1 Truth tables

Imagine you are in Las Vegas, playing a slot machine. Each time

you play, you insert a coin, rub your hands together hopefully, and

pull the lever. The slot machine then displays three figures, which

may be of different shapes (triangles, squares, circles) and differ-

ent colors (black, white, or gray). Here is the rule: The machine
pays out a pile of coins if all of the figures have the same shape, or
all of the figures have the same color. For example, in such a situa-

tion the machine does not pay out:

But if all of the figures have the same color, then it does:

Naturally, if all of the figures have the same shape, then it pays out

as well:

But what happens in a case where all of the figures have the same

shape and the same color, as in the following situation?

In this situation, it is natural to interpret or in a so-called inclusive
manner, where the condition is satisfied when both disjuncts are

true. (A disjunct is a clause that is joined to another clause by a

disjunctive operator like or. The or statement, including both of

the disjuncts, is called a disjunction.)

Let’s express the rule using symbols to bring out its structure.
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C = All three figures have the same color.

S = All three figures have the same shape.

Let us represent “all of the figures have the same shape, or all of

the figures have the same color” as follows:

C ∨S

Now, this ∨ symbol should be interpreted in such a way that C ∨S
is true whenever at least one of C or S is true. There are four pos-

sibilities: C is true and S is false; C is false and S is true; both are

true; and both are false. Only in the last case should the disjunc-

tion be seen as false.

This interpretation of ∨ can be represented using a truth table,

as follows.

C S C ∨S

1 1 1

1 0 1

0 1 1

0 0 0

As in the previous chapter, we use the number 1 to represent “true”

and the number 0 to represent “false”. This table interprets ∨ as

inclusive disjunction, because the statement is true even in the

case where both of the disjuncts are true.

Exclusive disjunction specifies that only one of the disjuncts

is true:

C S C ⊕S

1 1 0

1 0 1

0 1 1

0 0 0
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This is closer to the intuitive meaning of or in I’ll see you today
or tomorrow. One might imagine that natural language or is am-

biguous between inclusive and exclusive disjunction, but there is

reason to believe that inclusive reading is what or really denotes,

and that the exclusive reading arises via a conversational implica-

ture in certain contexts. One argument for this comes from nega-

tion: If I say I won’t see you today or tomorrow, it means that I will

not see you today and I won’t see you tomorrow. We can get this

interpretation by negating the inclusive interpretation (‘it is not

the case that at least one of the disjuncts is true’). Conversational

implicatures of the kind that would be involved here (‘scalar im-

plicatures’) typically disappear under negation, so this fact is eas-

ily explained under the implicature analysis. Under the ambiguity

analysis, it is not clear why an exclusive reading should disappear

under negation. (There is of course much more to say on this is-

sue.)

Now suppose the game gets harder: you have to get all the

same suit and all the same rank in order to win. Then you would

need for R and S to be true. In other words, the conjunction of R
and S has to hold. Conjunction can be represented as follows:

R ∧S

The truth table for conjunction is as follows:

R S R ∧S

1 1 1

1 0 0

0 1 0

0 0 0

So far, we have discussed three different binary connectives:

inclusive disjunction, exclusive disjunction, and conjunction. The

truth of formulas containing these connectives depends on the

truth values of the formulas it joins together. These are thus truth-

functional connectives.
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Another binary truth-functional connective is material impli-

cation, which corresponds roughly to conditional sentences of

the form if A then B. The truth table for this one is a bit tricker

to understand intuitively, but here goes. Let W = you win (i.e., the

machine pays out a pile of coins). We said above that you win if

and only if all of the figures have the same shape or all have the

same color. And, in particular, the following should hold:

If all of the figures have the same shape, then you win.

We can symbolize this as follows:

S→W

Suppose that an inspector comes along and wants to make sure

that the machine is operating according to the rules. His first task

is to make sure that S →W holds. There are four types of situa-

tions that could arise:

• The figures do not all have the same shape and you don’t

win. Fine. This doesn’t violate S→W .

• The figures do not all have the same shape but you still win.

Fine. This doesn’t violate S→W .

• The figures all have the same shape and you win. Fine. This

doesn’t violate S→W .

• The figures all have the same shape and you don’t win. This
is a problem! Then it is clearly not the case that if all of the

figures are the same shape, then you win.

So, the only situation that falsifies S →W is the one where S is

true, and W is false. This is reflected in the truth table for S→W :

S W S→W

1 1 1

1 0 0

0 1 1

0 0 1
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The expression on the left-hand side of the arrow (S, here) is the

antecedent and the expression on the right-hand side (W , here)

is the consequent. So in general, a material conditional sentence

is false if the antecedent is true and the consequent is false, and

true otherwise.

While it seems intuitively clear that a conditional is false when

the antecedent is true and the consequent is false, it admittedly

seems less intuitively clear that a conditional is true in the cir-

cumstance where the antecedent is false. For example, the moon

is not made of green cheese. Does that mean that If the moon is
made of green cheese, then I had yogurt for breakfast this morning
is true? Intuitively not. In English, at least, conditionals are used

to express regularities, so one might reasonably argue that they

cannot be judged as true or false in a single situation. In order

to capture the meaning of English conditionals, we need some-

what more sophisticated technology. (The interested reader is re-

ferred to the work of David Lewis, Robert Stalnaker, and Angelika

Kratzer, among many others.) But if we are forced to identify the

truth-functional connective that most closely resembles if then,

we will have to choose material implication, as material impli-

cation is the truth-functional connective that corresponds most

closely to English if-then.

The truth table for negation, written¬, is simple, because nega-

tion is a unary connective. If S is true, then ¬S is false. If S is false,

then ¬S is true:

S ¬S

1 0

0 1

Let us consider when the negation of C ∧S is true. To find out, we

first find out when C ∧S is true, and then apply negation to that.



Logic 61

C S C ∧S ¬[C ∧S]
1 1 1 0

1 0 0 1

0 1 0 1

0 0 0 1

Note: We are using the brackets [ ] to show that we are applying

negation to the conjunction of C and S, rather than C .

4.1.2 Reasoning with truth tables

In the previous chapter, we said that φ entails ψ if and only if:

Whenever φ is true, ψ is true too. That definition works in the

context of propositional logic as well. Each situation corresponds

to a row of the truth table, so we can check whether whether φ

entails ψ by looking at all of the rows of the truth table where φ

holds, and checking whether ψ holds in that row as well.

Exercise 1. Does P entail P ∨Q? Explain, using a truth table.

The notion of entailment plays a role in determining whether

or not a logical argument is valid. An argument consists of a set of

premises and a conclusion, and it is valid if the conclusion is true

whenever all of the premises are true. The premises need not be

indeed be true; they just need to entail the conclusion. (An argu-

ment whose premises are true is called sound. If your argument

is both sound and valid, then it is a solid argument. And note that

soundness and validity are properties of arguments, while truth is

a property of propositions, and not vice versa.)

Here is an example of a valid argument.

(1) R→W (Premise 1)

R (Premise 2)

W (Conclusion)
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This is an instance of the form of reasoning called modus ponens.

We can show that it is valid using a truth table. We need a col-

umn for both of the premises and the conclusion, and then we

can check that the argument is valid by determining whether the

conclusion is true whenever the all of the premises are true.

R (Premise) W (Conclusion) R→W (Premise)

1 1 1

1 0 0

0 1 1

0 0 1

As this table shows, there is only one situation in which R and R→
W are both true. In that situation, W is true. Hence the premises

entail the conclusion and the argument is valid.

Exercise 2. Use a truth table to show that the following argu-

ment is not valid. Point out the counterexample, where all of the

premises are true, and yet the conclusion is false.

(2) R→W (Premise 1)

¬R (Premise 2)

¬W (Conclusion)

(This fallacy has a name: If someone argues in this way, you can

accuse them of denying the antecedent.)

We can also use truth tables to show that two expressions are

equivalent, i.e., true under exactly the same circumstances. For

example, P →Q is equivalent to ¬P ∨Q . We can show this using

a truth table. By making columns for both expressions and com-

paring them, we can see that they are true under exactly the same

circumstances.
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P Q P →Q ¬P ¬P ∨Q

1 1 1 0 1

1 0 0 0 0

0 1 1 1 1

0 0 1 1 1

Exercise 3. Show that P →Q is also equivalent to ¬Q →¬P by fill-

ing in the truth table below.

P Q ¬P ¬Q ¬Q→¬P
1 1 0

1 0 0

0 1 1

0 0 1

A tautology is an expression that is true in every situation. So

you can tell whether an expression is a tautology by looking at the

pattern of 1s and 0s in the column underneath it in a truth table:

If they’re all true, then it is a tautology. Here is a tautology: P ∨¬P
(e.g. It is raining or it is not raining):

P ¬P P ∨¬P

1 0 1

0 1 1

Exercise 4. Which of the following are tautologies?

(a) P ∨Q

(b) [P →Q]∨ [Q →P]
(c) [P →Q]↔ [¬Q ∨¬P]
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(d) [[C ∨S]→W ]↔ [[C →W ]∧ [S→W ]]
Support your answer with truth tables.

Two logical expressions are contradictory if for every assign-

ment of values to their variables, their truth values are different.

For example P and ¬P are contradictory.

P ¬P

1 0

0 1

Another contradictory pair is P →Q and P ∧¬Q .

P Q P →Q ¬Q P ∧¬Q

1 1 1 0 0

1 0 0 1 1

0 1 1 0 0

0 0 1 1 0

4.1.3 Grammar of PL

Propositional Logic is a language (or a class of languages), and

languages have both grammar and semantics. The grammar spec-

ifies the well-formed formulas of the language. The semantics

specifies the semantic value of every well-formed formula, given

a model. In other words, the semantics assigns a denotation to

every well-formed formula in a model.

It is sometimes not understood that (formal) logics are lan-

guages. Just like natural languages, they have syntax and seman-

tics. But formal logics, unlike natural languages, have very clearly

defined syntactic and semantic rules. By specifying how natural

languages relate to formal languages, we can start to give precise

meanings for expressions in natural languages.
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Let us now define the grammar for a propositional language

including the connectives described in the previous section. We

will call the language PL. We use the following rules for defining

what counts as a formula of PL.

(3) Syntax of PL

1. Atomic formulae

Each of the proposition letters P , Q , R , and S is a for-

mula (an atomic formula in particular).

2. Negation

If φ is a formula, then ¬φ is a formula.

3. Binary connectives

If φ and ψ are formulas, then so are:

(a) [φ∧ψ]

(b) [φ∨ψ]

(c) [φ→ψ]

(d) [φ↔ψ]

In these rules, the Greek letters φ ‘phi’ and ψ ‘psi’ are variables

ranging over formulas of the language PL. These symbols are place-

holders for expressions of the language, not actual expressions of

the language. In this case, PL is the object language – the language

we are studying – and English is the meta-language – the language

we are using to talk about the object language. The Greek letters

are part of the meta-language, so we can refer to them as meta-

language variables.

The syntax rules for PL allow us to construct an infinite num-

ber of formulas. For example, we can start with P , and then apply

the second rule (for negation) to produce the formula ¬P . Since

that is a formula, we can apply the same rule again and produce

¬¬P . And then ¬¬¬P . And so on and so forth.

Of course, not every string using these symbols is a formula.

For example: [¬][∧pq→
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is not a formula, because it is not licensed by the syntax rules.

Note that brackets are typically omitted at the outermost edges

of a formula. In some cases, these brackets are crucial for under-

standing the structure. For example, [¬P ∧Q] means something

very different from¬[P∧Q]. But when the brackets are outermost,

then we don’t need to include them. So we have the following con-

vention:

Abbreviation Convention 1. Square brackets that are outer-

most in an expression may be deleted.

Another convention we will adopt is that a conjunction of con-

junctions can be simplified to a flat group of conjunctions. Like-

wise for disjunctions.

Abbreviation Convention 2. An expression of the form [[φ∧
ψ]∧χ] or [φ∧[ψ∧χ]] can be simplified to [φ∧ψ∧χ]. Similarly

for disjunctions.

Thus rather than [P ∧ [Q ∧R]], we can write [P ∧Q ∧R].
4.1.4 Semantics of PL

In giving semantics to the expressions of propositional logic, we

implement Frege’s (1892 [reprinted 1948]) idea that the denota-

tion of a sentence is a truth value. In his famous article Über Sinn
und Bedeutung (‘On Sense and Reference’), he writes (p. 216): “By

the truth value of a sentence I understand the circumstance that

it is true or false. There are no further truth values. For brevity

I call the one the true, the other the false.” We have been using

the number 1 to represent “the true” and the number 0 to repre-

sent “the false”. These are the two possible semantic values for a

formula:
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• 1 (True)

• 0 (False)

(Sometimes people use three truth values, including an undefined
value, or four, adding an over-defined value, or more.)

The truth of a formula depends on the state of the world. This

is encoded using a model (sometimes also called a structure),

which determines what is and is not the case. (The notion of

model in this sense is due to the logician Alfred Tarski. Richard

Montague brought the use of models into semantics for natural

language, popularizing what is known as model-theoretic seman-

tics.) We will see more complicated models for other logics later

on, but a model for propositional logic is just a function that takes

a proposition letter and returns 1 or 0. For example, it might be

the case in model M1 that P is true, Q is false, R is true and S is

false.

M1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

P → 1

Q → 0

R → 1

S → 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Thus M1(P) = 1, M1(Q) = 0, M1(R) = 1 and M1(S) = 0. Later on,

models will become more complicated, but here, a model is just a

function that takes a proposition letter and returns a 1 or 0.

The semantics of a truth-functional connective (→, ∧, ∨) is

defined in terms of the truth values of the formulas it joins to-

gether. Each possible assignment of truth values to propositional

variables (each different model) is represented by a different row
of the truth table. The following rules are another way of express-

ing what we said using truth tables above.

(4) Semantics of PL

1. Atomic formulae

If φ is an atomic formula, then !φ"M =M(φ)
2. Negation

!¬φ"M = 1 if and only if !φ"M = 0
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3. Binary connectives

(a) !φ∧ψ"M = 1 if and only if !φ"M = 1 and !ψ"M = 1

(b) !φ∨ψ"M = 1 if and only if !φ"M = 1 or !ψ"M = 1

(c) !φ→ψ"M = 1 if and only if !φ"M = 0 or !ψ"M = 1

(d) !φ↔ψ"M = 1 if and only if !φ"M = !ψ"M

Exercise 5. Specify a model M2 for PL in which [P → Q] is false,

and another model M3 in which it is true, and explain why the

formula is false in M2 but true in M3.

4.2 First-order logic without variables (L0)

We ultimately want to be able to derive the fact that, for example,

Beth speaks French and French is a European language together

imply Beth speaks a European language. In order to do this, we

will need more than just connectives; we need to break the for-

mulas down into smaller parts. In this section, we will describe a

logic that has something akin to verbs like speak (predicates) and

proper names like Beth (terms).

4.2.1 Syntax of L0

In this section, we will define the grammar of a logical language,

which we will call L0. This consists in a set of rules specifying, for

each syntactic category, what counts as a well-formed expression

of that category. The syntactic categories include:

• terms (names for individuals)

• predicates (names for properties and relations)

• formulas (sentences)
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4.2.1.1 Syntax

The syntax of L0 is as follows. Again, we are using Greek letters (π

‘pi’, α ‘alpha’, φ ‘phi’, and ψ ‘psi’) for variables over expressions of

the object language (meta-language variables).

(5) Syntax of L0

1. Basic expressions

(a) individual constants: d, n, j, m

(b) unary predicates: happy, bored, linguist, philoso-

pher, cellist, smokes

(c) binary predicates: kissed, loves, admires

If α is an individual constant, then α is a term.

2. Predication

(a) If π is a unary predicate andα is a term, thenπ(α)

is a formula.

(b) If π is a binary predicate and α is a term, then

π(α) is a unary predicate.1

3. Equality

If α and β are terms, then α =β is a formula.

4. Negation

If φ is a formula, then ¬φ is a formula.

5. Binary connectives

If φ is a formula andψ is a formula, then so are [φ∧ψ],[φ∨ψ], [φ→ψ], and [φ↔ψ].
1This bit is non-standard for first-order logic. This clause is normally given as

“If π is a binary predicate and α and β are terms, then π(α,β) is a formula.” We

are doing things differently because we are binary predicates of logic like tran-

sitive verbs in natural languages, and transitive verbs combine first with their

direct object and then with the subject. Just as a transitive verb plus its object is

of the same syntactic category as an intransitive verb, a binary predicated plus

its first argument is of the same category as a unary predicate here.
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Let us use the first rule to create a complex expression. We

need a unary predicate and a term. Let’s use happy and m. Since

happy is a unary predicate and m is a term, happy(m) is a for-

mula. With the rule for binary connectives, therefore, we can de-

rive that the following is a formula:

[happy(m)→ happy(m)]
Notice the square brackets: The syntactic composition rules specif-

ically mention them, so they are part of the formula.

Now look at the second predication rule (“If π is a binary pred-

icate and α is a term, then π(α) is a unary predicate”). This rule

says that if you have a binary predicate, and you combine it with a

term, then you end up with a unary predicate. Take the binary

predicate loves. Combined with the term m, we get loves(m),

which is a unary predicate, according to this rule. We can take

such an expression and combine it with a term to form a formula.

Since loves(m) is a unary predicate and j is a term, loves(m)(j) is a

formula.

As a shorthand, we will sometimes write loves(j,m) instead of

loves(m)(j). In general:

Abbreviation Convention 3. We may write π(α1, ...,αn) in-

stead of π(αn)...(α1).

In particular, when π is a binary predicate, we write π(α,β) as a

shorthand for π(β)(α).2
2In the Lambda Calculator, π(α,β) has a different technical meaning, al-

though it expresses a similar intuition. It is not a shorthand for π(β)(α) in the

Lambda Calculator. Rather, it means that π is of type ⟨e × e, t⟩, where e × e is the

type of ordered pairs of individuals. So π(α,β) is well-formed whenπ designates

a function that expects an ordered pair as input (a so-called product type). This is

of course slightly different from a function that expects an individual, and then

returns a function expecting a second individual, as in the case of functions of

type ⟨e,⟨e, t⟩⟩. But both are ways of treating binary relations.
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Exercise 6. Which of the following are formulas of L0? Distinguish

between those formulas that are allowed by the official syntax and

those that depend on the abbreviatory conventions. Optional: for

those that depend on abbreviatory conventions, say which ones.

(a) ¬¬happy(m)

(b) happy(a)

(c) happy(m)(m)

(d) loves(j,m) ∨ loves(m,j)

(e) loves(j,m)

(f) [loves(j)(m)↔ loves(m)(j)]

(g) [kissed(m)↔ loves(m)(j)]

(h) ¬[loves(j)(m)← ¬loves(m)(j)]

4.2.2 Semantics of L0

4.2.2.1 Models

The semantics of L0 will be given in terms of a model. The model

represents a possible state of affairs. It consists of a domain of

individuals D and an interpretation function I which specifies

the values of all of the basic expressions in the lexicon.

Let us define a model M1 = ⟨D1, I1⟩.3 The domain of this model

consists of three individuals: Maggie, Bart, and Homer Simpson.

(6) Domain of M1

D1 = {Maggie Simpson, Bart Simpson, Homer Simpson}
3The notation ⟨a, b⟩ represents an ordered pair whose first member is a and

whose second member is b.
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The interpretation function I1 will assign values to all of the ex-

pressions in the lexicon, including terms, unary predicates, and

binary predicates. The interpretation of each of the terms will be

an individual in D1.

(7) Interpretation of terms in M1

a. I1(d) =Homer

b. I1(n) = Bart

c. I1(j) = Bart

d. I1(m) =Maggie

The interpretation of a unary predicate will be a function that

takes an individual as input and spits back either 1 (“true”) or 0

(“false”). For example, we could assume that the interpretation of

the constant bored maps Maggie and Homer to “false”, and Bart

to “true”.

(8) I1(bored) =
⎡⎢⎢⎢⎢⎢⎣

Bart → 1

Homer → 0

Maggie → 0

⎤⎥⎥⎥⎥⎥⎦
For the unary predicate happy, let us assume that it denotes the

following function:

(9) I1(happy) =
⎡⎢⎢⎢⎢⎢⎣

Bart → 1

Homer → 0

Maggie → 1

⎤⎥⎥⎥⎥⎥⎦
Exercise 7. Is Bart happy in M1?

(a) What does I1(happy) give as output when given Bart as an

input?

(b) In other words, what is I1(happy)(Bart)?
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Exercise 8. True or false:

(a) I1(bored)(Bart) = 1

(b) I1(bored)(Bart) = I1(happy)(Bart)
(c) I1(n) =Bart

(d) I1(bored)(I1(n)) = 1

(e) I1(n) = I1(j)

Now for the fun part. Binary predicates will denote functions

which, when given an individual, return a another function. For

example, given the individual Maggie, the following function re-

turns another function which, given the individual Maggie again,

returns true.

(10) I1(loves) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Maggie →
⎡⎢⎢⎢⎢⎢⎣

Maggie → 1

Homer → 0

Bart → 0

⎤⎥⎥⎥⎥⎥⎦
Homer →

⎡⎢⎢⎢⎢⎢⎣
Maggie → 0

Homer → 1

Bart → 0

⎤⎥⎥⎥⎥⎥⎦
Bart →

⎡⎢⎢⎢⎢⎢⎣
Maggie → 0

Homer → 0

Bart → 1

⎤⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Let us call this function as f . As you can see, f (Maggie)(Maggie)=
1, but f (Maggie)(Bart)= 0. In general, this corresponds to the ‘equal’

relation: It returns true only when both arguments are the same.

This describes a situation in which each individual loves him- or

herself, and nobody else.
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Exercise 9.

(a) What is the value of I1(loves) applied to Maggie? Hint: It is

a function. Specify the function as a set of input-output pairs

(using either set notation or arrow notation).

(b) What is the value of that function (the one you gave in your

previous answer) when applied to Maggie?

(c) In other words, what is I1(loves)(Maggie)(Maggie)?
(d) So, does Maggie love herself in M1?

Let us suppose that loves denotes this ‘self’ function and kissed

denotes the ‘other’ function, which returns 1 if and only if the two

arguments are different.

I1(kissed) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Maggie →
⎡⎢⎢⎢⎢⎢⎣

Maggie → 0

Homer → 1

Bart → 1

⎤⎥⎥⎥⎥⎥⎦
Homer →

⎡⎢⎢⎢⎢⎢⎣
Maggie → 1

Homer → 0

Bart → 1

⎤⎥⎥⎥⎥⎥⎦
Bart →

⎡⎢⎢⎢⎢⎢⎣
Maggie → 1

Homer → 1

Bart → 0

⎤⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Let us assume that the first individual that the function combines

with is the person being kissed, and the second individual is the

kisser, because a transitive verb combines first with its object nad

then with its subject. Then this denotation for kissed means that

Bart and Homer kissed Maggie, Maggie and Bart kissed Homer,

and Maggie and Homer kissed Bart. Applied to Maggie, this func-
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tion yields the function that returns 1 for Bart and Homer:

I1(kissed)(Maggie) =

⎡⎢⎢⎢⎢⎢⎣
Maggie → 0

Homer → 1

Bart → 1

⎤⎥⎥⎥⎥⎥⎦
And I1(kissed)(Maggie)(Homer) = 1. Now we have a complete

specification of all of the values for the basic expressions in the

logic.

Exercise 10. True or false: For all individuals k in D1 (namely Mag-

gie, Homer, and Bart), I1(loves)(k)(k) = 1. In other words, every-

body loves him- or herself in M1.

4.2.2.2 Composition rules

So far we have talked about the basic expressions of the language.

What about the complex expressions of the language? How do we

get semantic values for them? We use a valuation function !⋅"M ,

which is built up recursively4 on the basis of the basic interpreta-

tion function I . The valuation function assigns to every expres-

sion α of the language (not just the basic expressions) a semantic

value !α"M .

(11) Semantics of L0

1. Basic expressions

If α is a basic expression, then:

!α"M = I(α).
4A recursive definition is one that uses itself as part of the definition (but is

not circular). For example, we could define the set of natural numbers recur-

sively by saying: “0 is a number (this is the base case); and if n is a number, then

n + 1 is a number.” The definition of !⋅" is recursive because the denotation of a

complex expression is defined in terms of the denotations of its parts.
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where I is the interpretation function of the model M .

(Recall that a model M consists of a domain D and an

interpretation function I .)

2. Predication If π is a predicate (unary or binary)5 and

α is a term, then:

!π(α)"M = !π"M(!α"M).
3. Equality If α and β are terms, then !α =β"M = 1 iff

!α"M = !β"M .

4. Negation

!¬φ"M = 1 if and only if !φ"M = 0.

5. Binary Connectives

(a) !φ∧ψ"M = 1 if and only if !φ"M = 1 and !ψ"M = 1.

(b) !φ∨ψ"M = 1 if and only if !φ"M = 1 or !ψ"M = 1.

(c) !φ→ψ"M if and only if !φ"M = 0 or !ψ"M = 1.

(d) !φ↔ψ"M if and only if !φ"M = !ψ"M .

Notice that the value of a basic expressions depends on the model,

while the contribution of a connective to the meaning is the same

regardless of the model. In this sense, the predicates and indi-

vidual constants are non-logical constants, while the connectives

are logical constants. (We refer to both as “constants” in order to

distinguish them from variables, which we will introduce later on.

Punctuation symbols that are used for grouping, i.e. brackets are

not typically considered constants of any kind, even though they

are symbols of the language.)

5This is a non-standard way of treating predication in first-order logic. Nor-

mally, unary predicates denote sets, so !π(α)"M = 1 iff !α"M ∈ !π"M . Binary

predicates normally denote relations (sets of ordered pairs), so !π(α,β)"M
= 1

iff ⟨!α"M ,!β"M ⟩ ∈ !π"M . We are doing things this way instead, because we are

treating binary predicates of logic like transitive verbs in natural languages, and

transitive verbs combine first with their direct object and then with the subject.
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Exercise 11. For each of the following, say whether it is a logical

constant or a non-logical constant or neither.

(a) ∧

(b) d

(c) (

(d) →
(e) ¬

(f) loves

(g) happy

(h) Bart

(i) ]

(j) loves(d)
(k) ←
(l) ∨

Let us use these rules to compute the semantic value of the ex-

pression bored(d) with respect to the model that we have speci-

fied, M1. Since we are starting with an expression of the formπ(α)
where π is a predicate and α is a term, we can use the Predication

rule in (11). This rule tells us that:

!bored(d)"M1 = !bored"M1(!d"M1)
So now we have to compute !bored"M1(!d"M1). To do this, we

have to compute !bored"M1 and !d"M1 . The Basic expressions rule

in (11) tells us the following two facts:

!bored"M1 = I1(bored)
!d"M1 = I1(d)

We know that I1(bored) = {⟨Maggie,0⟩,⟨Homer,0⟩,⟨Bart,1⟩} and

I1(d)=Homer. Now we just have to apply the former to the latter,

in order to get the value of the expression we are trying to evalu-

ate. I1(bored) is a function that returns 0 when Homer given as

in input. Therefore, in M1, the value of the whole expression we

are trying to evaluate, namely bored(d), is 0. In other words, this

formula is false in M1.
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Exercise 12. Compute the semantic value of each of the well-

formed formulas in Exercise (6) with respect to M1.

Exercise 13. Consider a fantasy model M f = ⟨D, I f ⟩ in which ev-

erybody is happy:

I f (happy) =
⎡⎢⎢⎢⎢⎢⎣

Bart → 1

Homer → 1

Maggie → 1

⎤⎥⎥⎥⎥⎥⎦
What is !happy(d)"M f ? Explain how this follows from the rules

we have laid out in this section.

4.3 First-order logic with variables (L1)

4.3.1 Syntax of L1

So far we have developed a formal language in which we can ex-

press things like Beth speaks French and Beth speaks German and

Fred speaks French and Fred is male, specifying that a relation holds

between two particular objects, or that a given object has a par-

ticular property. But we don’t yet have a language that allows for

quantification. For example, from Beth speaks French, and the fact

that French is a European language, it follows, Beth speaks a Eu-
ropean language. The latter sentence involves quantification; a
European language does not stand for any particular European

language. That sentence is true if we can find some European lan-

guage, call it ‘x’, such that Beth speaks x. To represent the propo-

sition that there is some x such that Beth speaks x, we use a back-

wards ‘E’ (think of the word exists).

∃x .speaks(b, x)
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This formula can be read, “there is an x such that Beth speaks x”.

To specify further that x is a European language, let us treat ‘Eu-

ropean language’ as an unanalyzed whole for the time being, and

use european-language to represent the predicate that holds of

an object if it is a European language. Then we can write:

∃x .[speaks(b, x)∧european-language(x)]
to represent the idea that there is some x such that Beth speaks x

and x is a European language, i.e., Beth speaks a European lan-

guage. With this way of representing things, the arguments to

speak are always two individuals. Although x does not on its own

pick out any particular language, it still in some sense stands for

an individual, one who gets its value from context, as we will ex-

plain more precisely later with the help of ‘assignment functions’.

Now consider the statement, Beth speaks every European lan-
guage. Again, the noun phrase that occurs in object position does

not pick out any particular language, so this sentence does not

specify two particular individuals between which the ‘speak’ rela-

tion holds. The sentence is true if, when we look at all of the things

that are European languages, it turns out that all of them are lan-

guages that Beth speaks. So, conditional on x being a European

language, x is something that Beth speaks. The following formula,

using an upside-down ‘A’ (for ‘all’), captures this idea:

∀x .[european-language(x)→ speaks(b, x)]
This can be read, “for all x, if x is a European language, then Beth

speaks x.” Note that this has a very different meaning from:

∀x .[european-language(x)∧speaks(b, x)]
This can be read: “for all x, x is a European language and Beth

speaks x”. In other words: Everything is a European language and

Beth speaks everything. So in general, every corresponds to ‘for

all’ statements with ‘if-then’, symbolized→, even though some cor-

responds to ‘there exists’ statements with ‘and’ (∧).



80 Logic

In this section we will add variables and quantifiers to our lan-

guage. We will call our new language L1, as it is a version of first-
order logic. L1 is called “first-order” because the variables range

only over individuals, and not over more complex objects like pred-

icates.6

Before we define the syntax and semantics of the language for-

mally, let us spend some time getting used to the formalism. Take

the following formula:

∀x .[linguist(x)→∃y[philosopher(y)∧admires(x, y)]]
If we were to read this aloud symbol for symbol, we would say,

“For every x, if x is a linguist, then there exists a y such that y is a

philosopher and x admires y.” A more natural way of putting this

would be “Every linguist admires a philosopher.” But notice that

“Every linguist admires a philosopher” is actually ambiguous. It

could mean two things:

1. For every linguist, there is some philosopher that the lin-

guist admires (possibly a different philosopher for every lin-

guist).

2. There is one lucky philosopher such that every linguist ad-

mires that philosopher.

The latter reading could be rendered logically as follows:

∃y .[philosopher(y)∧∀x .[linguist(x)→ admires(x, y)]]
Predicate logic is thus a tool for teasing apart these kinds of ambi-

guities in natural language. What we have just seen is an instance

6The only way in which L1 differs from standard first-order logic is in the way

that predication is dealt with. As in L1, we write loves(d)(n) instead of the more

standard loves(n,d), and the predicates denote functions rather than sets or re-

lations. This makes our language more like English, where transitive verbs com-

bine first with their objects and then with their subjects, and also smooths the

transition to Lλ, which will come in §4.4.
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of quantifier scope ambiguity. The first reading is the one where

“every linguist” takes wide scope over “a philosopher”. On the sec-

ond reading, “every linguist” has narrow scope with respect to “a

philosopher”.

Quantifiers can also take wide or narrow scope with respect

to negation. Consider the sentence “everybody isn’t happy”. This

could mean either one of the following:

∀x .¬happy(x)
¬∀x .happy(x)

The one where the universal quantifier takes wide scope over nega-

tion says, “for every x, it is not the case that x is happy.” The one

where the quantifier has narrow scope with respect to negation

says, “it is not the case that for every x, x is happy.” The first one

implies that nobody is happy. The second one implies merely that

there is at least one person who is not happy.

Exercise 14. For each of the following formulas, say (i) how you

would read the formula aloud, using phrases like ‘for all x’ and

‘there exists an x such that’ and (ii) give a natural paraphrase in

English.

(a) ∀x .bored(x)
(b) ∀x .[bored(x)∧happy(x)]
(c) ∃x .[bored(x)∧happy(x)]
(d) ∃x .[bored(x)∨happy(x)]
(e) ∀x .[bored(x)→happy(x)]
(f) ∀x .¬bored(x)
(g) ∃x .¬bored(x)
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(h) ¬∃x .bored(x)
(i) ∀x .∃y . loves(y)(x)

Exercise 15. For each of the following sentences, say which of the

formulas above it matches (if any). (In some cases, the sentence

might match two formulas.)

(a) Somebody is bored and happy.

(b) Everybody is bored and happy.

(c) Everybody who is bored is happy.

(d) Nobody is bored.

(e) Somebody is not bored.

(f) Somebody is bored or happy.

(g) Everybody loves somebody.

(h) Somebody loves everybody.

Exercise 16. Which of the following statements in first-order logic

better represents the meaning of Every cellist smokes?

(a) ∀x .[cellist(x)→ smokes(x)]
(b) ∀x .[cellist(x)∧smokes(x)]

Now let us start defining the syntax of this language formally.



Logic 83

We will allow an infinite number of variables v0, v1, v2, ... all of type

e , but use the following shorthands:

• x is v0

• y is v1

• z is v2

We will also add new formation rules for the universal quantifier

∀, and the existential quantifier ∃.

(12) Syntax of L1

1. Basic expressions

The basic expressions of L1 are of the following cate-

gories:

(a) terms

(a) individual constants: d, n, j, m

(b) individual variables, vn for every natural num-

ber n (new!)

(b) unary predicates: happy, bored, linguist, philoso-

pher, cellist, smokes

(c) binary predicates: kissed, loves, admires

If α is an individual constant, then α is a term.

2. Predication

(a) If π is a unary predicate andα is a term, thenπ(α)

is a formula.

(b) If π is a binary predicate and α is a term, then

π(α) is a unary predicate.

3. Equality

If α and β are terms, then α =β is a formula.

4. Negation

If φ is a formula, then ¬φ is a formula.
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5. Binary connectives

If φ is a formula andψ is a formula, then so are [φ∧ψ],[φ∨ψ], [φ→ψ], and [φ↔ψ].
6. Quantification

(a) If u is a variable and φ is a formula, then [∀u .φ]
is a formula. (new!)

(b) If u is a variable and φ is a formula, then [∃u .φ]
is a formula. (new!)

The last two clauses are new; we had all of the other ones in L0.

And notice that in the first two clauses, the word term applies not

only to constant terms like d but also variable terms like x.

We want to avoid unnecessary clutter in our representations,

so we allow brackets to be dropped when it is independently clear

what the scope of a quantifier is. For example, instead of:

∀x .[linguist(x)→ [∃y.admires(x, y)]]
we can write:

∀x .[linguist(x)→ ∃y .admires(y)(x)]
because it is clear that the scope of the existential quantifier does

not extend any farther to the right than it does.

Abbreviation Convention 4. Brackets around a quantified

formula can be dropped if it is rightmost (last) in a top-level

expression, or rightmost in a larger constituent that ends in a

bracket.

Furthermore, when reading a formula, you may assume that the

scope of a binder (e.g. ∀x or ∃x) extends as far to the right as

possible. So, for example, ∀x .[P(x)∧Q(x)] can be rewritten as
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∀x .P(x)∧Q(x), interpreted in such a way that the universal quan-

tifier takes scope over the conjunction, rather than as the con-

junction of ∀x .P(x) and Q(x). (As a heuristic, you may think of

the dot as a “wall” that forms the left edge of a constituent, which

continues until you find an unbalanced right bracket or the end of

the expression.) However, we will typically retain brackets around

conjunctions, disjunctions, and implications.

We retain all of the abbreviatory conventions from above in

order to avoid unnecessary clutter in our formulas. Furthermore,

we will drop the dot when we have multiple binders in a row. Thus

instead of:

∀x .∃y .admires(x, y)
we can write:

∀x∃y .admires(x, y)

Abbreviation Convention 5. The dot may be dropped in a se-

quence of binders.

Note that the dot is always optional in the Lambda Calculator (on

its default setting).

4.3.2 Semantics

We will use the same kind of models for L1 as we used for L0, so

a model for L1 is a pair ⟨D, I ⟩ where D is a set of individuals and

I is an interpretation function giving a value to every non-logical

constant. Informally,

∀x .happy(x)
is true in a model M if (and only if) no matter which individual we

assign to x,

happy(x)
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is true. Likewise, informally,

∃x .happy(x)
is true iff we can find some individual to assign to x that makes

happy(x) true.

In order to decide whether happy(x) is true, we need to know

not only about the model, but also how to interpret x. If x is in-

terpreted as someone who is happy, then the formula is true; oth-

erwise not. The device that we will use to interpret variables is

called an assignment function. An assignment function is a func-

tion that specifies for each variable, how that variable is to be in-

terpreted. Here are some examples of assignment functions:

g1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x → Maggie

y → Bart

z → Bart

...

⎤⎥⎥⎥⎥⎥⎥⎥⎦
g2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x → Bart

y → Homer

z → Bart

...

⎤⎥⎥⎥⎥⎥⎥⎥⎦
The domain of an assignment function is the set of variables (vn

for all n).

In order to interpret an expression, then, we need both a model
and an assignment function. We typically use the letter g to stand

for an assignment function, so instead of

!φ"M

we will now write:

!φ"M ,g

where g stands for an assignment function. The denotation of
the variable x with respect to model M and assignment function
g , written:

!x"M ,g

is simply whatever g maps x to. We can express this more formally

as follows:
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(13) !x"M ,g = g(x)
For example, !x"M ,g1 = g1(x) =Maggie, and !x"M ,g2 = g2(x) = Bart

for any model M .

Exercise 17.

(a) What is g1(y)?
(b) What is !y"M ,g1 (for any model M )?

(c) What is g2(y)?
(d) What is !y"M ,g2 (for any model M )?

From now on, our semantic denotation brackets will have two

superscripts: one for the model, and one for the assignment func-

tion. In some cases, the choice of assignment function will not

make any difference for the semantic value of the expression. For

example, !happy"M1,g1 will be the same as !happy"M1,g2 for any

two assignments g1 and g2, because happy is a constant. Its value

depends only on the model. But the value of the formula

happy(x)
depends on the value that is assigned to x. Whether happy(x) is

true or not depends on how x is interpreted, and this is given by

the assignment function.

Now let us consider the formula ∃x .happy(x). This is true

if we can find one individual to assign x to such that happy(x) is

true. Suppose we are trying to determine whether∃x .happy(x) is

true with respect to a given model M and an assignment function

g . We can show that the formula is true by considering a variant

of g on which the variable x is assigned to some happy individual.

Let us use the expression

g[u↦ k]
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to describe an assignment function that is exactly like g save that

g(u) = k . If g already maps u to k then, g[u↦ k] is the same as g .

This lets us keep everything the same in g except for the variable

of interest. For example, using g1 from above,

g1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x → Maggie

y → Bart

z → Bart

...

⎤⎥⎥⎥⎥⎥⎥⎥⎦
g1[y ↦Homer]would be as follows:

g1[y ↦Homer] =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

x → Maggie

y → Homer

z → Bart

...

⎤⎥⎥⎥⎥⎥⎥⎥⎦
We changed it so that y maps to Homer and kept everything else

the same.

Exercise 18.

(a) What is g1[z ↦ Homer](x)? (I.e., what does g1[z ↦ Homer

assign to x?)

(b) What is g1[z↦Homer](y)?
(c) What is g1[z↦Homer](z)?

With this terminology, we can say:

!∃x .happy(x)"M ,g = 1 iff there is an individual k ∈D such that:

!happy(x)"M ,g[x↦k] = 1.

What this says is that given a model M and an assignment func-

tion g , the sentence ∃x .happy(x) is true with respect to M and g
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if we can modify the assignment function g in such a way that x
has a denotation that makes happy(x) true.

Now, if we wanted to show that the formula∀x .happy(x)was

true, we would have to consider assignments of x to every element

of the domain, not just one. (To show that it is false is easier; then

you just have to find one unhappy individual.) If happy(x) turns

out to be true no matter what the assignment function maps x
to, then ∀x .happy(x) is true. Otherwise it is false. So the official

semantics of the universal quantifier is as follows:

!∀v .φ"M ,g = 1 iff for all individuals k ∈D:

!φ"M ,g[v↦k] = 1

We are now ready to give the official semantics of L1.

(14) Semantics of L1

1. Basic expressions

(a) If α is a non-logical constant, then !α"M ,g = I(α).

(b) If α is a variable, then !α"M ,g = g(α). (new!)

2. Predication

If π is a unary or binary predicate andα is a term, then

!π(α)"M .g = !π"M ,g (!α"M ,g ).
3. Equality If α and β are terms, then !α=β"M ,g = 1 iff

!α"M ,g = !β"M ,g .

4. Negation

!¬φ"M ,g = 1 if !φ"M ,g = 0; otherwise !¬φ"M ,g = 0.

5. Binary Connectives

(a) !φ∧ψ"M ,g = 1 iff !φ"M ,g = 1 and !ψ"M ,g = 1.

(b) !φ∨ψ"M ,g = 1 iff !φ"M ,g = 1 or !ψ"M ,g = 1.

(c) !φ→ψ"M ,g = 1 iff !φ"M ,g = 0 or !ψ"M ,g = 1.

(d) !φ↔ψ"M ,g = 1 iff !φ"M ,g = !ψ"M ,g .

6. Quantification (new!)
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(a) !∀v .φ"M ,g = 1 iff for all individuals k ∈D:

!φ"M ,g[v↦k] = 1

(b) !∃v .φ"M ,g = 1 iff there is an individual k ∈D such

that:

!φ"M ,g[v↦k] = 1.

Note that the choice of assignment function doesn’t always

make a difference for the interpretation of an expression. The

choice of assignment function only makes a difference when the

formula contains free variables. For example, in the formula happy(x),
the variable x is not bound by any quantifier. This makes x a free

variable (also known as an unbound variable). A formula with

free variables is called an open formula. (A formula could con-

tain a quantifier and nevertheless be an open formula. For ex-

ample,∀x . love(x, y) is an open formula because the variable y is

free.) A formula with no free variables, such as ∀x∃y . love(x, y),
is a closed formula. In order to give a truth value to an open for-

mula, we need to assign values to the free variables in it, but the

value of a closed formula is independent of the assignment.

One important feature of the semantics for quantifiers and

variables in first-order logic using assignment functions is that it

scales up to formulas with multiple quantifiers. Recall the quan-

tifier scope ambiguity in Every linguist admires a philosopher that

we discussed at the beginning of the section. That sentence was

said to have two readings, which can be represented as follows:

∀x .[linguist(x)→ ∃y .[philosopher(y)∧admires(y)(x)]]
∃y .[philosopher(y)∧∀x .[linguist(x)→ admires(y)(x)]]

We will spare the reader a step-by-step computation of the se-

mantic value for these sentences in a given model. We will just

point out that in order to verify the first kind of sentence, with a

universal quantifier outscope an existential quantifier, one would
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consider modifications of the input assignment for every mem-

ber of the domain, and within that, modifications of the modi-

fied assignment for some element of the domain making the exis-

tential statement true. To verify the second kind of sentence, one

would consider a single modification of the input assignment for

the outer quantifier (the existential quantifier), and then modifi-

cations of that modified assignment for every member of the do-

main in order to evaluate the embedded universal statement. This

procedure will work for indefinitely many quantifiers.

Exercise 19. Is ∀x .happy(x) true in M1? Give a one-sentence ex-

planation why or why not.

Exercise 20. Consider the following formulas.

(a) happy(m)∧happy(m)
(b) happy(k)
(c) happy(m,m)
(d) ¬¬happy(n)
(e) ∀x .happy(x)
(f) ∀x .happy(y)

(g) ∃x . loves(x, x)
(h) ∃x .∃z . loves(x, z)
(i) ∃x . loves(x, z)
(j) ∃∃x . loves(x, x)

(k) ∃x .happy(m)
Questions:

(a) Which of the above are well-formed formulas of L1?

(b) Of the ones that are well formed in L1, which of the above for-

mulas have free variables in them? (In other words, which of

them are open formulas?)
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Exercise 21. Recall our fantasy model M f ,where everybody is

happy:

I f (happy) =
⎡⎢⎢⎢⎢⎢⎣

Bart → 1

Homer → 1

Maggie → 1

⎤⎥⎥⎥⎥⎥⎦
(a) What is !x"M f ,gBart ? Apply the rule for variables 1(b) in (14).

(b) What is !happy"M f ,gBart ? Apply the rule for non-logical con-

stants 1(a) in (14).

(c) Which semantic interpretation rule in (14) do you need to use

in order to put the meanings of happy and x together, and

compute the denotation of happy(x)?
(d) Use the rule you identified in your answer to the previous

question to put together the meanings you computed in the

previous steps, explaining carefully why !happy(x)"M f ,gBart =
1.

Exercise 22. Let g be defined such that x↦ c , y ↦ b, and z↦ a.

(a) Using the semantic rules and definitions for M1 above, calcu-

late:

(a) !x"M1,g

(b) !m"M1,g

(c) !loves"M1,g

(d) !loves(x)(m)"M1,g

(b) List all of the value assignments that are exactly like g ex-

cept possibly for the individual assigned to x, and label them

g1...gn .
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(c) For each of those value assignments gi in the set {g1, ..., gn},
calculate !loves(x)(m)"M ,gi .

(d) !∀x . loves(x)(m)"M ,g = 1 iff for every value assignment g ′

such that g ′ is exactly like g except possibly for the individ-

ual assigned to x by g ′, !loves(x)(m)"M ,g ′ = 1. So, what is

!∀x . loves(x)(m)"M ,g ?

Exercise 23. If a formula has free variables then it may well be true

with respect to some assignments and false with respect to others.

Give an example of two variable assignments gi and g j such that

!loves(x)(m)"M ,gi ≠ !loves(x)(m)"M ,g j .

4.4 Typed lambda calculus

In the previous section, we presented a relatively standard version

of first-order logic. Our language L0 had a finite set of syntactic

categories: terms, unary predicates, binary predicates, and for-

mulas. In the system we present next, we will have an infinite set

of syntactic categories. These categories will be called types. The

set of types is defined as follows:

• e is a type

• t is a type

• If a is a type and b is a type, then ⟨a,b⟩ is a type.

• Nothing else is a type.

The third clause implies that, for example, ⟨e, t⟩ is a type. And

since ⟨e, t⟩ is a type, and e is a type of course, it follows that ⟨e,⟨e, t⟩⟩
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is a type. And so on. The set of types is infinite. (Though not ev-

erything is a type. For example, ⟨e⟩ is not a type according to this

system even though that is sometimes found in the literature; an-

gle brackets are only introduced for complex types according to

this definition.)

We use Da to signify the set of possible denotations for an ex-

pression of type a. An expression of type e denotes an individual;

De is the set of individuals. An expression of type t is a formula, so

its denotation should be either 1 or 0; Dt = {1,0}. An expression

of type ⟨e, t⟩ denotes a function from individuals to truth values;

D⟨e,t⟩ is the set of functions that take as input an individual, and

give a truth value as output. Etc.

The introduction of an infinite set of syntactic categories sets

the stage for the introduction of a new variable binder called a

lambda operator (or λ-operator), also known as an abstraction

operator. The lambda operator allows us to describe a wide range

of functions without having to name each one. For example:

λx . loves(m, x)
denotes the characteristic function of the set of individuals that

Maggie loves, while:

λx . loves(x,m)
denotes the characteristic function of the set of individuals that

love Maggie. You can think of the λ-operator analogously to pred-

icate notation for building sets. λx . loves(m, x) denotes the char-

acteristic function of the set {x ∣Maggie loves x}.
In general, the expression

[λx .φ]
denotes a function that returns the value described by φ when

given input x. Typically φ will contain the variable x. As it de-

scribes the value of the function given an argument, the part that

comes after the dot is called the value description. For example,

the value description in the expressionλx . loves(m, x) is loves(m, x).
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If φ is a formula (type t ), and x is a variable of type e , then

λx .φ will be an expression of type ⟨e, t⟩, denoting a function from

individuals to truth values. More generally, if φ is an expression of

type b, and u is a variable of type b, then λu .φ will be an expres-

sion of type ⟨a,b⟩. Such an expression is called a lambda abstrac-

tion.

The functions resulting from abstraction behave just like the

functions we are already familiar with. As in L1, we indicate the

arguments of a function using parentheses. This is called applica-

tion. If π is an expression denoting a function, and α is an expres-

sion that is of the right type to be used as an argument to π, then

π(α) denotes the result of applying π to α. For example, bored(x)
denotes the result of applying the function denoted by bored to

the value of x. This also applies to complex function formed by

lambda abstraction. Thus

[λx . loves(m, x)](b)
denotes the result of applying the function ‘is loved by Maggie’ to

Bart. This formula is equivalent to the simpler:

loves(m,b)
where the λ-binder and the variable have been removed, and we

have kept just the value description part, with the modification

that the argument of the function is substituted for all instances

of the variable.

This kind of simplification is known asβ-reduction orβ-conversion.

In general, the result of applying the function to the argument can

be described more simply by taking the value description and re-

placing all occurrences of the lambda-bound variable with the ar-

gument. We can formulate the rule more succinctly as follows:

[λx .φ](α) can be β-reduced to φ[x ∶=α].
where φ[x ∶= α] stands for the result of replacing all free occur-

rences of x with α in φ. Note that β-reduction does not need to be
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made as an additional stipulation. It’s actually a fact that follows

from how the semantics of λ-abstraction is defined.

There is one caveat to the rule of β-reduction. It only works if

αdoes not contain any free variables that occur in φ. For example,

consider the following expression:

[λx .∀y .[loves(x, x)→ loves(x, y)]](y)
If we take away λx and substitute y for x then we get:

∀y .[loves(y, y)→ loves(y, y)]
Through overly enthusiastic substitution of y for x, the variable y
accidentally became bound by the universal quantifier ∀. Before

we can apply β-reduction in this case, we must change the name

of the variable bound by the universal quantifier thus:

[λx .∀z .[loves(x, x)→ loves(x, z)]](y)
We changed y to z in the scope of the universal quantifier. This is

harmless, because a bound variable can be replaced by any other

bound variable without a change in meaning. This is the principle

of α-equivalence. Now when we apply β-reduction, we get the

following result:

∀z .[loves(y, y)→ loves(y, z)]
where the variable y no longer clashes with the variable bound by

the universal quantifier.

The typed lambda calculus has played an important role in the

history of computing, which we will not go into here, as our focus

is on natural language semantics. The use of types in that context

was crucial to ensure that certain programs terminate, and useful

in distinguishing between different types of objects (e.g. strings,

numbers, etc.). Linguists are typically not so worried about com-

putability, but use types very much in the latter function, to distin-

guish between different types of objects, and accordingly restrict

the domains and ranges of functions.
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In the version of lambda calculus that linguists have inherited

from Montague, variables can range not only over individuals, but

also over functions. This, combined with lambda abstraction, al-

lows us to express a wide range of potential meanings for natural

language expressions. Take for example the prefix non-, as in non-
smoker. A non-smoker is someone who is not in the set of smok-

ers. If smokes denotes a function of type ⟨e, t⟩, the characteristic

function of the set of smokers, then the meaning of non-smoker
can be represented as follows:

λx .¬smokes(x]
This expression denotes a function which takes an individual (x)

and returns 1 if and only if x is not a smoker. The meaning of

non- can be represented as a function that takes as its argument

a predicate and then returns a new predicate which holds of an

individual if the individual does not satisfy the input predicate.

We can represent this function as follows, where P is a variable

that ranges over functions from individuals to truth values:

λP .[λx .¬P(x)]
This expression denotes a function which takes as input a predi-

cate (P) and returns a new function, denoted by λx .¬P(x). The

new function takes an individual (x) and returns true if and only

if x does not satisfy the predicate. If we apply this function to

the predicate smokes, then we get the function λx .¬smokes(x).
This is the meaning of non-smoker, assuming that smoker denotes

smokes.

The λ symbol will also let us give a meaning to the determiner

like every. Recall that intuitively, every expresses a subset relation

between two sets. To say Every cellist smokes is to say that the set

of cellists is a subset of the set of things that smoke. Let X and Y
be variables ranging over the characteristic functions of sets (type⟨e, t⟩). The meaning of every can be represented like this:

λX .[λY .∀x .[X (x)→ Y (x)]]
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This expression denotes a function which takes the characteris-

tic function of a set (call it X ), and then another (call it Y ), and

returns 1 (true) if and only if every X is a Y .

The denotation of every cellist would be the result of applying

this function to whatever cellist denotes:

[λX .[λY .∀x .[X (x)→ Y (x)]]](cellist)
This expression will turn out to be equivalent to:

λY .∀x .cellist(x)→ Y (x)
Thus the meaning of every, applied to the meaning of cellist, is a

function that is still hungry for another unary predicate. If we feed

it smokes, then we get a sentence that denotes a truth value:

[λY .∀x .[cellist(x)→ Y (x)]](smokes)
≡∀x .[cellist(x)→ smokes(x)]

A crucial point to notice here is that the argument of the function

is itself a function. Functions that take other functions as argu-

ments are called higher-order. So what we are dealing with here is

no longer first-order logic, but higher-order logic. Pretty fancy.

Exercise 24. Download the Lambda Calculator from

http://lambdacalculator.com, and install it on your com-

puter. (It works with Mac, Windows and Linux operating systems.)

Then open the ‘Scratch Pad’ and verify for yourself that the two

reductions just given work as advertised.

4.4.1 Syntax of Lλ

Let us now summarize our new logic, Lλ, which is a version of

the typed lambda calculus developed by logician Alonzo Church.

http://lambdacalculator.com


Logic 99

The types are defined recursively as follows: e and t are both types.

If a and b are types, then ⟨a,b⟩ is a type; nothing else is a type. A

formula is an expression of type t .

(15) Syntax of Lλ

The set of expressions of type a, for any type a, is defined

recursively as follows:

1. Basic expressions (now more general!)

For each type a,

(a) the non-logical constants of type a are they sym-

bols of the form cn,a for each natural number n.

(b) the variables of type a are the symbols of the formvn,a

for each natural number n.

2. Predication (now more general!)

For any types a and b, if α is an expression of type⟨a,b⟩ and β is an expression of type a then α(β) is an

expression of type b.

3. Equality If α and β are terms, then α =β is an expres-

sion of type t .

4. Negation

If φ is a formula, then so is ¬φ.

5. Binary Connectives

If φ and ψ are formulas, then so are ¬φ,[φ∧ψ],[φ∨
ψ],[φ→ψ], and [φ↔ψ].

6. Quantification

If φ is a formula and u is a variable of any type, then[∀u .φ] and [∃u .φ] are formulas.

7. Lambda abstraction (new!)

If α is an expression of type a and u is a variable of

type b then [λu .α] is an expression of type ⟨b, a⟩.
Recall that when reading a formula, you may assume that the

scope of a binder (e.g. ∀x or ∃x) extends as far to the right as
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possible. So, for example, λx .[P(x)∧Q(x)] can be rewritten as

λx .P(x)∧Q(x). However, we will typically retain brackets in these

cases. Recall also that we drop the dot whenever we have multi-

ple binders in a row, so we can write, e.g. λxλy .admires(x, y). To

further reduce clutter, we will add the following abbrevatory con-

vention, so we can write π(λx . x +1) rather than π([λx . x +1]).

Abbreviation Convention 6. Square brackets that are imme-

diately embedded inside parentheses can be dropped.

Exercise 25. Consider the following expressions.

(a) [λx .P(x)](a)
(b) [λx .P(x)(a)]
(c) [λx .R(y, a)]
(d) [λx .R(y, a)](b)
(e) [λx .R(x, a)](b)
(f) [λxλy .R(x, y)](b)
(g) [λxλy .R(x, y)](b)(a)
(h) [λx .[λy .R(x, y)](b)](a)
(i) [λX .∃x .[P(x)∧X (x)]](λy .R(a)(y))
(j) [λX .∃x .[P(x)∧X (x)]](λx .R(a)(x))

(k) [λX .∃x .[P(x)∧X (x)]](λy .R(y, x))
(l) [λX .∃x .[P(x)∧X (x)]](Q)
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(m) [λX .∃x .[P(x)∧X (x)]](X )
(n) [λX .∃x .[P(x)∧X (x)](λx .Q(x))]

For each of the above, answer the following questions:

(a) Is it a well-formed formula of Lλ (given both the official syntax

and our abbreviatory conventions)?

(b) If yes, what is its type?

(c) If the formula is well-formed, give a completely β-reduced

(λ-converted) expression which is equivalent to it. Use α-

equivalence (relettering of bound variables) if necessary to

avoid variable clash.

Assume the following abbreviations:

• x is v0,e

• y is v1,e

• P is v0,⟨e,t⟩, Q is v1,⟨e,t⟩, and X is v2,⟨e,t⟩

• R is v0,⟨e,⟨e,t⟩⟩

• n is c0,e and d is c1,e

You can check your answers using the Lambda Calculator. (Note

that R is technically a variable of type ⟨e×e, t⟩ in the Lambda Cal-

culator, as discussed in footnote 2, but this does not affect the

well-formedness of the expressions or the intuitive interpretation,

so it is safe to ignore this difference for the purposes of this exer-

cise.)

http://lambdacalculator.com
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Exercise 26. Identify the type of each of the following. Assume

that man and mortal are constants of type ⟨e, t⟩. Check your work

using the Lambda Calculator.

1. λx . x

2. λx .P(x)
3. P

4. a

5. x

6. P(x)
7. [λx .P(x)](a)
8. P(a)
9. R(x, y)

10. λx .R(x, a)
11. λyλx .R(y, x)
12. [λyλx .R(y, x)](a)
13. [λx .R(y, a)](b)
14. R(a,b)
15. λx .[P(x)∧Q(x)]
16. [λx .P(x)∧Q(x)](a)
17. λxλy .[R(y, a)∧Q(x)]
18. [λxλy .[R(y, a)∧Q(x)]](a)
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19. [λx[λy .[R(y, a)∧Q(x)]](a)](b)
20. λy . y

21. λP .P

22. λP .P(a)
23. ∃x .P(x)
24. λP .∃x .P(x)
25. [λP .∃x .P(x)](man)
26. ∃x .man(x)
27. λP .∀x .P(x)
28. [λP .∀x .P(x)](mortal)
29. ¬mortal(x)
30. λx .¬mortal(x)
31. λPλx .¬P(x)
32. [λPλx .¬P(x)](mortal)
33. λx .¬mortal(x)
34. [λx .¬mortal(x)](a)
35. ¬mortal(a)
36. λQ .∀x .[man(x)→Q(x)]
37. [λQ .∀x .[man(x)→Q(x)]](mortal)
38. λPλQ .∀x .[P(x)→Q(x)]
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39. [λPλQ .∀x[P(x)→Q(x)]](man)
40. [λPλQ .∀x[P(x)→Q(x)]](man)(mortal)
41. [λQ .∀x[man(x)→Q(x)]](λx[mortal(x)])
42. λPλx .¬P(x)
43. [λPλx .¬P(x)](mortal)
44. [λPλx .¬P(x)](λx .mortal(x))

Exercise 27. Apply β-reduction to give a more concise version of

each of the following.

1. [λx . x](a)
2. [λP .P](man)
3. [λP .∃x .P(x)](man)
4. [λx .P(x)](a)
5. [λx .P(x)]
6. [λyλx .R(y, x)](a)
7. [λx .R(y, a)](b)
8. [λx .[P(x)∧Q(x)]](a)
9. λxλy .[R(y, a)∧Q(x)]

10. [λxλy .[R(y, a)∧Q(x)]](a)
11. [λxλy .[R(y, a)∧Q(x)]](a)(b)
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12. [λP .∃x .P(x)](man)
13. [λP .∀x .P(x)](mortal)
14. λx .¬mortal(x)
15. [λPλx .¬P(x)](mortal)
16. [λx .¬mortal(x)](a)
17. [λQ .∀x .[man(x)→Q(x)]](mortal)
18. [λPλQ .∀x .[P(x)→Q(x)]](man)
19. [λPλQ .∀x[P(x)→Q(x)]](man)(mortal)
20. [λx .P(x)∧Q(x)](a)
21. [λxλy .[R(y, a)∧Q(x)]](a)(b)
22. [λx .∃y .R(x, y)](y)
23. [λx . a](b)
24. [λx .[P(x)→ ∃x .R(b, x)]](a)
25. [λQ .∀x[man(x)→Q(x)]](λx[mortal(x)])
26. [λQ .∃P .∀x[P(x)→Q(x)]](mortal)
27. [λPλx .¬P(x)](λx[mortal(x)])
28. [λPλx .P(x)](λx[¬mortal(x)])

4.4.2 Semantics

As in L1, the semantic values of expressions in Lλ depend on a

model and an assignment function. As in L1, a model M = ⟨D, I ⟩
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is a pair consisting of the domain of individuals D and an inter-

pretation function I , which assigns semantic values to each of the

non-logical constants in the language. For every type a, I assigns

an object of type a to every non-logical constant of type a.

Types are associated with domains. The domain of individuals

De =D is the set of individuals, the set of potential denotations for

an expression of type e . The domain of truth values Dt contains

just two elements: 1 ‘true’ and 0 ‘false’. For any types a and b,

D⟨a,b⟩ is the domain of functions from Da to Db .

Assignments provide values for variables of all types, not just

those of type e . An assignment thus is a function assigning to each

variable of type a a denotation from the set Da .

The semantic value of an expression is defined as follows:

(16) Semantics of Lλ

1. Basic expressions

(a) If α is a non-logical constant, then !α"M ,g = I(α).
(b) If α is a variable, then !α"M ,g = g(α).

2. Predication

If α is an expression of type ⟨a,b⟩, and β is an expres-

sion of type a, then !α(β)" = !α"(!β").
3. Equality If α and β are terms, then !α=β"M ,g = 1 iff

!α"M ,g = !β"M ,g .

4. Negation

If φ is a formula, then !¬φ"M ,g = 1 iff !φ"M ,g = 0.

5. Binary Connectives

If φ and ψ are formulas, then:

(a) !φ∧ψ"M ,g = 1 iff !φ"M ,g = 1 and !ψ"M ,g = 1.

(b) !φ∨ψ"M ,g = 1 iff !φ"M ,g = 1 or !ψ"M ,g = 1.

(c) !φ→ψ"M ,g = 1 iff !φ"M ,g = 0 and !ψ"M ,g = 1.

(d) !φ↔ψ"M ,g = 1 iff !φ"M ,g = !ψ"M ,g .

6. Quantification
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(a) If φ is a formula and v is a varaible of type a then

!∀v .φ"M ,g = 1 iff for all k ∈Da :

!φ"M ,g[v↦k] = 1

(b) If φ is a formula and v is a variable of type a then

!∃v .φ"M ,g = 1 iff there is an individual k ∈Da such

that that:

!φ"M ,g[v↦k] = 1.

7. Lambda Abstraction

If α is an expression of type a and u a variable of type

b then !λu .α"M ,g is that function h from Db into Da

such that for all objects k in Db , h(k) = !α"M ,g[u↦k].

Exercise 28.

(a) Partially define a model for Lλ giving values (denotations) to

the constants loves, n, and d.

(b) Show that [λx . loves(n)(x)](d) and its β-reduced version

loves(n)(d) have the same semantic value in your model us-

ing the semantic rules for Lλ.

Exercise 29. We normally consider eat a transitive verb, and ac-

cording to the kind of analysis we have done here, this would im-

ply a treatment as a binary relation, type ⟨e,⟨e, t⟩⟩. And yet we

do have usages where the object does not appear, as in Have you
eaten? One might imagine that a two-place predicate can be re-

duced to a one-place predicate through an operation that existen-

tially quantifies over the object argument. Define a function that

does this. The input should be a binary relation (type ⟨e,⟨e, t⟩⟩)
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and the output should be a unary relation (type ⟨e, t⟩) where the

object argument has been existentially quantified over.

Further reading. This chapter has provided just the bare mini-

mum that is needed for starting to do formal semantics. There is

no trace of proof theory in this chapter, and there has been only

scant presentation of model theory, so this can hardly be consid-

ered an introduction to logic. Carpenter (1998) is an excellent in-

troduction to the logic of typed languages for linguists who would

like to deepen their understanding of such issues.



5 ∣ Translating to lambda calculus

Lambda calculus provides a nice clean way of representing the

meanings of English words and phrases. In this chapter we will

pursue a slightly new strategy for assigning truth conditions to

natural language expressions: Rather than specifying the deno-

tations of English words directly with expressions like:

!snores"M1 =

⎡⎢⎢⎢⎢⎢⎣
Bart → 1

Maggie → 1

Homer → 0

⎤⎥⎥⎥⎥⎥⎦
we will translate expressions of English into expressions of lambda

calculus, with statements like this:

⟪snores⟫ =λx .snores(x)
where ⟪α⟫ denotes the translation of α into lambda calculus.

(1) Notation convention⟪α⟫ denotes the translation of English expression α into

lambda calculus.

We then let the semantics of the English expressions be inherited

from the semantics of lambda calculus. A given sentence can then

be said to be true with respect to a model and an assignment func-

tion if its translation is true with respect to that model and assign-

ment function.

This is like what Montague (1974b) did in his famous work en-

titled The Proper Treatment of Quantification in Ordinary English

109
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(‘PTQ’ for short). There, unlike in English as a Formal Language
(Montague, 1974a), he specified a set of principles for translating

English into his own version of lambda calculus called Intensional

Logic. He was very clear that this procedure was only meant to be

a convenience; one could in principle specify the meanings of the

English expressions directly. So we will continue to think of our

English expressions as having denotations, even though we will

specify them indirectly via a translation to lambda calculus. Nev-

ertheless, the expressions of lambda calculus are not themselves
the denotations. Rather, we have two object languages, English (a

natural language) and lambda calculus (a formal language), and

we are translating from the natural language to the formal lan-

guage, and specifying the semantics of the formal language in our

metalanguage (which is also English, mixed with talk of sets and

relations).1

In this section, we will explore the limits of Functional Appli-

cation, and define a larger fragment. To do so, we will need a few

more syntax rules.2

(2) Syntax

S → NP VP

S → S JP

JP → J S

S → Neg S

VP → V (NP∣AP∣PP)

1An important difference between the tact we are taking here and the one

taken in Heim & Kratzer’s (1998) textbook is that here the λ symbol is used as an

expression of lambda calculus (its original use), whereas in Heim and Kratzer the

λ symbol is part of the meta-language, as an abbreviation for describing func-

tions. One should carefully distinguish between these two ways of using it.
2Here we are adopting the ‘DP-hypothesis’, where DP stands for ‘Determiner

Phrase’, and we assume that the head of a phrase like the car is the determiner

the. Since phrases like the car and proper names like Homer are of the same

category, this means that Homer is also a DP. We assume therefore that proper

names are of category D, like articles. The difference is that proper names are

‘intransitive’, so they don’t combine with an NP.
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AP → A (PP)

DP → D (NP)

NP → N (PP)

NP → A NP

PP → P NP

The vertical bar ∣ separates alternative possibilities, and the paren-

theses signify optionality, so the VP rule means that a VP can con-

sist solely of a verb, or of a verb followed by an NP, or of a verb

followed by an AP, etc.

The terminal nodes of the syntax trees produced by these syn-

tax rules may be populated by the following words:

(3) Lexicon

J: and, or
Neg: it is not the case that
V: smokes, loves, is
A: lazy, proud
N: drunkard, baby, kid, zebra
D: the, a, every, some, no
D: Bart, Maggie, Homer, everybody, somebody, nobody
P: of, with

Exercise 1. Which of the following strings are sentences of the

fragment of English that we have defined (modulo sentence-

inititial capitalization)?

(a) Homer Simpson loves everybody.

(b) Some drunkard smokes every lazy zebra.

(c) Maggie is not a zebra.

(d) Homer Simpson is.
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(e) Homer is.

(f) Homer is a baby zebra.

(g) Somebody is proud of the kid.

(h) A zebra loves proud of Bart.

(i) The proud zebra of Homer loves every lazy lazy lazy lazy

drunkard.

(j) Bart smokes with nobody.

(k) Maggie and Bart are with Homer.

Note: In the trees below, sometimes we “prune” non-branching

nodes. For example, we might write:

DP

Homer

instead of

DP

D

Homer

Now that we have defined the syntax of our fragment of En-

glish, we need to specify how the expressions generated by these

syntax rules are interpreted. To do so, we will translate them into

expressions of Lλ. We will associate translations not only with

words, but also with syntactic trees. We can think of words as de-

generate cases of trees, so in general, translations go from trees to

expressions of our logic. We will build up a theory of how these

translations work by considering a series of examples.
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5.1 Fun with Functional Application

5.1.1 Homer loves Maggie

Let us first consider how to analyze a simple transitive sentence

like Homer loves Maggie. We will represent the meaning of the

verb loves as follows:

(4) ⟪loves⟫ =λyλx . loves(x, y)
The expression ⟪loves⟫ can be read “the translation of the word

loves into Lλ”.3 Note that according to the way we have set things

up, we could simply have written loves on the right-hand side

of the equals sign instead of λyλx . loves(x, y).4 But the longer

style brings out the fact that we are dealing with a function of type⟨e,⟨e, t⟩⟩ and is more in line with existing conventions in seman-

tics, following Heim & Kratzer (1998), where every argument cor-

responds to a λ-abstraction. Let us assume further that Homer is

translated as d and that Maggie is translated as m.

• ⟪Homer⟫ = d

• ⟪Maggie⟫ =m

To put together the meanings of complex expressions, we de-

pend primarily on Functional Application, which we saw in an

3The use of this notation implies that every tree has exactly one translation

into Lλ, so we can talk of “the translation”. The sophisticated reader may no-

tice that this does not make room for the way that type-shifting operations are

normally thought of, viz. as providing alternative translations for the same bit of

syntactic structure. Instead, we will have to represent type-shifting operations

with extra syntactic node, as is the typical practice in the Lambda Calculator.

It might be pointed out, however, that it is nearly standard in the field to write

things like !loves" = λyλx . loves(x, y), and this kind of notation, however it is

intended, seems to make the same assumption.
4In the usual conventions of Lambda Calculator, these are not actually equiv-

alent; the constant loves is type ⟨e × e, t⟩ while the full lambda expression in (4)

is of type ⟨e,⟨e, t⟩⟩. But we have not introduced product types here and treat

loves(x, y) as an abbrevation for loves(y)(x).
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earlier chapter. However, since we are translating expressions of

English into Lλ now, we have to specify our semantic composition

rules in terms of translations. So, in particular, the definition of

Functional Application must be revised.

Composition Rule 1. Functional Application (FA)

Let γ be a tree whose only two subtrees are α and β. If ⟪α⟫ is

of type ⟨σ,τ⟩ and ⟪β⟫ is of type τ, then:

⟪γ⟫ = ⟪α⟫(⟪β⟫)

Essentially, this rule takes a function and its argument and applies

the function to the argument.

For example, the tree [VP [V loves ] [NP Maggie ] ] has two sub-

trees, [V loves ] and [NP Maggie ]. If the translation of first one de-

notes a function that applies to the other, then we can use FA to

put together the meanings of these two expressions. Then, in or-

der to give [V loves ] a translation, we will also need a rule for non-

branching nodes. (We have specified the translation for loves but

not for [V loves ].)

Composition Rule 2. Non-branching Nodes (NN)

If β is a tree whose only daughter is α, then ⟪β⟫ = ⟪α⟫.

Homer loves Maggie can then be analyzed as follows.
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(5) S

t
loves(d,m)

DP

e
d

Homer

VP⟨e, t⟩
λx . loves(x,m)

V⟨e,⟨e, t⟩⟩
λyλx . loves(x, y)

loves

DP

e
m

Maggie

Via Functional Application, the transitive verb loves combines with

the object Maggie, and the VP combines with the subject Homer.

The translation of the VP is an expression of type ⟨e, t⟩, denoting a

function from individuals to truth values. This applies to the de-

notation of Homer (an individual) to produce a truth value.

5.1.2 Homer is lazy

Now let us consider how to analyze a sentence with an adjective

following is, such as Homer is lazy. The syntactic structure is as

follows:

S

DP

Homer

VP

V

is

AP

lazy
Let us assume that the proper name Homer is translated as a

constant of type e ; call it h.

(6) ⟪Homer⟫ =h
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We can assume that lazy denotes a function of type ⟨e, t⟩, the char-

acteristic function of a set of individuals (those that are lazy). Let

us use lazy as an abbreviation for a constant of type ⟨e, t⟩, and

translate lazy thus.

(7) ⟪lazy⟫ =λx . lazy(x)
Technically, again, according to the way we have set things up, we

could write the same thing more simply by simply writing lazy.

But the longer style brings out the fact that we are dealing with a

function with one argument.

What is the meaning of is? Besides signalling present tense, it

does not seem to accomplish more than to link the predicate ‘lazy’

with the subject of the sentence. Since we have not starting deal-

ing with tense yet, we will ignore the former function and focus

on the latter. We can capture the fact that is connects the predi-

cate to the subject by treating it as an identity function, a function

that returns whatever it takes in as input. In this case, is takes in a

function of type ⟨e, t⟩, and returns that same function.

(8) ⟪is⟫ =λP .P

This implies that is denotes a function that takes as its first argu-

ment another function P , where P is of type ⟨e, t⟩, and returns P .

With these rules, we will end up with the following analysis for

the sentence Homer is lazy:
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(9) S

t
lazy(h)

DP

e
h

Homer

VP⟨e, t⟩
λx . lazy(x)

V⟨⟨e, t⟩,⟨e, t⟩⟩
λP .P

is

A⟨e, t⟩
λx . lazy(x)

lazy

Each node shows the syntactic category, the semantic type, and a

fully β-reduced translation to lambda calculus. In this case, Func-

tional Application is used at all of the branching nodes (S and

VP), and Non-branching Nodes is used at all of the non-branching

non-terminal nodes (DP, V, and A). The individual lexical entries

that we have specified are used at the terminal nodes (Homer, is,

and lazy).

5.1.3 Homer is with Maggie

Like adjectives, prepositional phrases can also serve as predicates,

as in, for example, Homer is with Maggie. Let us introduce the

constant with, a function of type ⟨e,⟨e, t⟩⟩, and translate with as

follows:

(10) ⟪with⟫ =λyλx .with(x, y)
Here is an overview of how the derivation will go. Via Functional

Application, the preposition with combines with its object Mag-
gie, and the resulting PP combines with is to form a VP which

combines with tehe subject Homer. The translation of the VP is

an expression of type ⟨e, t⟩, denoting a function from individuals
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to truth values. This applies to the denotation of Homer to pro-

duce a truth value.

S

e

DP

e

Homer

VP⟨e, t⟩
V⟨⟨e, t⟩,⟨e, t⟩⟩
is

PP⟨e, t⟩
P⟨e,⟨e, t⟩⟩

with

DP

e

Maggie

Exercise 2. Derive the translation into lambda calculus for the full

sentence by giving a fully β-reduced translation for each node.

Exercise 3. Suppose model M1 is defined such that the following

holds:

!with"M1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Bart →
⎡⎢⎢⎢⎢⎢⎣

Bart → 0

Maggie → 0

Homer → 1

⎤⎥⎥⎥⎥⎥⎦
Maggie →

⎡⎢⎢⎢⎢⎢⎣
Bart → 0

Maggie → 0

Homer → 0

⎤⎥⎥⎥⎥⎥⎦
Homer →

⎡⎢⎢⎢⎢⎢⎣
Bart → 1

Maggie → 0

Homer → 0

⎤⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and suppose that !d"M1 =Homer and !m"M1 =Maggie. What truth

value does the translation for Homer is with Maggie have in M1?

Explain your answer.

5.1.4 Homer is proud of Maggie

Like prepositions, adjectives can denote functions of type ⟨e,⟨e, t⟩⟩.
Proud is an example; in Homer is proud of Maggie, the adjective

proud expresses a relation that holds between Homer and Mag-

gie. We can capture this by assuming that proud translates to the

constant proud of type ⟨e,⟨e, t⟩⟩, denoting a function that takes

two arguments, first a potential object of pride (such as Maggie),

then a potential bearer of such pride (e.g. Homer), and then re-

turns if the pride relation holds between them.

In contrast to with, the preposition of does not seem to signal

a two-place relation in this context. We therefore assume that of is

a function word like is, and also denotes an identity function. Un-

like is, however, we will treat of as an identity function that takes

an individual and returns an individual, so it will be of category⟨e,e⟩.
(11) ⟪of⟫ =λx . x

So the adjective phrase proud of Maggie will have the following

structure:
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AP⟨e,⟨e, t⟩⟩
A⟨e,⟨e, t⟩⟩

proud

PP

e

P⟨e,e⟩
of

DP

e

Maggie

Exercise 4. Give a lexical entry for proud and a fully β-reduced

form of the translation at each node for Homer is proud of Mag-
gie.

Exercise 5. What would go wrong if we were to assume that of was

of type ⟨e,⟨e, t⟩⟩, like with?

5.1.5 Homer is a drunkard

Let us consider Homer is a drunkard. The noun drunkard can

be analyzed as an ⟨e, t⟩ type property like lazy, the characteristic

function of the set of individuals who are drunkards.

The indefinite article a is another function word that appears

to be semantically vacuous, at least on its use in the present con-

text. We will assume that a, like is, denotes a function that takes

an ⟨e, t⟩-type predicate and returns it.

(12) ⟪a⟫ =λP .P

With these assumptions, the derivation will go as follows.
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(13) S

t

DP

e

Homer

VP⟨e, t⟩

V⟨⟨e, t⟩,⟨e, t⟩⟩
is

DP⟨e, t⟩
D⟨⟨e, t⟩,⟨e, t⟩⟩
a

NP⟨e, t⟩
drunkard

Exercise 6. Give fully β-reduced translations at each node of the

tree for Homer is a drunkard.

Exercise 7. Can we treat a as ⟨⟨e, t⟩,⟨e, t⟩⟩ in a sentence like A
drunkard loves Maggie? Why or why not?

Exercise 8. For each of the following trees, give the semantic type

and a completely β reduced translation at each node. Give appro-

priate lexical entries for words that have not been defined above,

following the style we have developed: Adjectives, non-relational

common nouns, and intransitive verbs are type ⟨e, t⟩, transitive

verbs are type ⟨e,⟨e, t⟩⟩, and proper names are type e .

(a)
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S

DP

Putin

VP

V

snores

(b) S

DP

Putin

VP

V

respects

DP

Merkel

(c) S

DP

Putin

VP

V

is

DP

D

a

NP

N

mystery

(d) S

DP

Merkel

VP

V

is

AP

A

radical
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Exercise 9. Assume that the ditransitive verb introduce is of type⟨e,⟨e,⟨e, t⟩⟩⟩. Give a lexical entry for introduce of this type and

analyze the following tree. You will also need to assume a lexical

entry for to that works along with your assumption about intro-
duce and the structure of the syntax tree.

S

DP

Obama

VP

V’

V’

V

introduced

DP

Putin

PP

P

to

DP

Cher

Exercise 10. Change the syntax rules so as to allow this structure,

and then provide an analysis, giving the semantic type and a fully

β-reduced translation at each node.
S

DP

Putin

VP

V

is

NegP

Neg

not

AP

A

radical
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Exercise 11. Assume that radical and communist are both of type⟨e, t⟩, following the style we have developed so far. Is it possible

to assign truth conditions to the following sentence using those

assumptions? Why or why not?
S

DP

Obama

VP

V

is

DP

D

a

NP

A

radical

NP

N

communist

5.2 Predicate Modification

5.2.1 Homer is a lazy drunkard

Now let us consider Homer is a lazy drunkard. We have a little

bit of a problem on our hands right now. According to our lex-

ical entry for lazy above, lazy denotes a function of type ⟨e, t⟩,
and so does drunkard. These two expressions are sisters in the

tree, but neither one denotes a function that has the denotation

of the other in its domain. So we can’t use Functional Application

to combine them, and so far, we have no other rules for combin-

ing expressions together.
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(14) S

t

DP

e

Homer

VP⟨e, t⟩

V⟨⟨e, t⟩,⟨e, t⟩⟩
is

DP⟨e, t⟩
D⟨⟨e, t⟩,⟨e, t⟩⟩
a

NP⟨e, t⟩
A⟨e, t⟩

lazy

NP⟨e, t⟩
drunkard

If we want to use Functional Application here, we need lazy to be a

function of type ⟨⟨e, t⟩,⟨e, t⟩⟩. We can do this using a type-shifting
rule which introduces a possible translation of type ⟨⟨e, t⟩,⟨e, t⟩⟩
for every translation of type ⟨e, t⟩ (Partee, 1995, p. 29). Our use

of the ⟪⋅⟫ notation presupposes that there is a unique translation

for every expression, as it refers to “the” translation of the expres-

sion. So we cannot implement type-shifting by assigning multi-

ple translations to each node and stay consistent with this nota-

tion. Since it is a convenient notation, we will continue to use it

and cheat a little bit, assuming that type-shifters are present in the

syntax tree. So the type-shifted version of lazy will technically be

like this syntactically:
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(15) A⟨⟨e, t⟩,⟨e, t⟩⟩
MOD A⟨e, t⟩

lazy

But we will use a special notation for such trees to capture the in-

tuition that the type-shifting operation is intuitively not part of

the syntax:

(16) A⟨⟨e, t⟩,⟨e, t⟩⟩⇑MOD

A⟨e, t⟩
lazy

Type-Shifting Rule 1. Predicate-to-modifier shift (MOD)

If ⟪α⟫ is of category ⟨e, t⟩, then:

⟪MOD α⟫ =λPλx .[⟪α⟫(x)∧P(x)]
as well (as long as P and x are not free in ⟪α⟫; in that case, use

different variables of the same type).

By this rule, we can derive that:

⟪MOD lazy⟫ =λPλx .[lazy(x)∧P(x)]
so Homer is a lazy drunkard gets the following analysis:
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(17) S

t
lazy(h)∧drunkard(h)

DP

e
h

Homer

VP

⟨e, t⟩
λx .[lazy(x)∧drunkard(x)]

V

⟨⟨e, t⟩,⟨e, t⟩⟩
λP . P

is

DP

⟨e, t⟩
λx .[lazy(x)∧drunkard(x)]

D

⟨⟨e, t⟩,⟨e, t⟩⟩
λP . P

a

NP

⟨e, t⟩
λx .[lazy(x)∧drunkard(x)]

A

⟨⟨e, t⟩,⟨e, t⟩⟩
λPλx .[lazy(x)∧P(x)]

⇑
⟨e, t⟩
lazy

lazy

NP

⟨e, t⟩
drunkard

drunkard

This is essentially Montague’s strategy for dealing with adjectives

that modify nouns. In fact, all adjectives are ⟨⟨e, t⟩,⟨e, t⟩⟩ for him.

For a sentence like Homer is lazy, Montague assumes that the ad-

jective combines with a silent noun. We would have to augment

our syntax rules to allow for this, but if we did, then it would be-

come mysterious why *Homer is lazy drunkard is not grammatical

in English, and why we can’t have silent nouns all over the place.

So it seems necessary to assume that adjectives can at least some-

times be of type ⟨e, t⟩.
Instead of using a type-shifting rule to interpret attributive ad-
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jectives, another strategy is to let go of Frege’s conjecture (that

Functional Application is basically the only composition rule), and

accept another composition rule. This rule would take two pred-

icates of type ⟨e, t⟩, and combine them into a new predicate of

type ⟨e, t⟩. The new predicate would hold of anything that satis-

fied both of the old predicates. This is how Predicate Modification

is defined:

Composition Rule 3. Predicate Modification (PM)

If ⟪α⟫ and ⟪β⟫ are of type ⟨e, t⟩, and γ is a tree whose only

two subtrees are α and β, then:

⟪γ⟫ =λu .[⟪α⟫(u)∧⟪β⟫(u)]
where u is a variable of type e that does not occur free in ⟪α⟫
or ⟪β⟫.

This gives us the following derivation for the NP:

(18) NP⟨e, t⟩
λx .[lazy(x)∧drunkard(x)]

A⟨e, t⟩
lazy

lazy

NP⟨e, t⟩
drunkard

drunkard

Exercise 12. Consider the sentence Maggie is a lazy baby. Give

two different analyses of the sentence, one using the Predicate-

to-modifier shift, and one using Predicate Modification. Give your
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analysis in the form of a tree that shows for each node, the syntac-

tic category, the type, and a fully β-reduced translation. (Feel free

to use the Lambda Calculator for this.)

Exercise 13. Identify the types of the following expressions:

(a) λxλy . in(y, x)
(b) λx . x

(c) λx .city(x)
(d) texas

(e) λy . in(y,texas)
(f) λ f . f

(g) λxλy . fond-of(y, x)
Assume:

• x and y are variables of type e , and f is a variable of type⟨e, t⟩.
• Any constant that appears with an argument list of length

1 (e.g. city) is a unary predicate, and any constant that ap-

pears with an argument list of length 2 (e.g. in).

• Any constant that appears without an argument list (e.g.

texas) is type e .

The following exercises are adapted from Heim & Kratzer (1998),

via Lucas Champollion’s adaptation of them for the Lambda Cal-

culator.



130 Translating to lambda calculus

Exercise 14. In addition to the ones given above, adopt the follow-

ing lexical entries, using the same assumptions about types as in

the previous exercise:

1. ⟪cat⟫ =λx .cat(x)
2. ⟪city⟫ = λx .city(x)
3. ⟪gray⟫ =λx .gray(x)
4. ⟪gray2⟫ =λ f λx .gray(x)∧ f (x)
5. ⟪in⟫ =λxλy . in(y, x)
6. ⟪in2⟫ = λyλ f λx . f (x)∧ in(x, y)
7. ⟪fond⟫ = λxλy . fond-of(y, x)
8. ⟪fond2⟫ =λyλ f λx . f (x)∧ fond-of(x, y)
9. ⟪Joe⟫ = joe

10. ⟪Texas⟫ = texas

11. ⟪Kaline⟫ = kaline

12. ⟪Lockhart⟫ = lockhart

For each of the trees below, provide a fully β-reduced translation

at each node, and state the type of the expression.

(a) S

DP

Joe

VP

is PP

P

in

DP

Texas
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(b)
S

DP

Joe

VP

is AP

A

fond

PP

of DP

Kaline

(c) S

DP

Kaline

VP

is DP

D

a

N

cat

(d) S

DP

Lockhart

VP

is DP

D

a

NP

city PP

P

in

DP

Texas
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(e) S

DP

Kaline

VP

is DP

D

a

NP

NP

A

gray N

cat

PP

P

in

DP

Texas

AP

A

fond

PP

P

of

DP

Joe

(f) S

DP

Kaline

VP

is DP

D

a

N’

N’

A

gray2 N

cat

PP

P

in2

DP

Texas

AP

A

fond2

PP

P

of

DP

Joe
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Exercise 15. Give an appropriate denotation for is2 and derive a

fully β-reduced translation for each node in the following trees.

Treat Julius and Amherst as ordinary proper names.
S

DP

Julius

VP

V

is2

AP

A

gray2

S

DP

Julius

VP

V

is2

PP

P

in2

DP

Amherst

Exercise 16. Homer is a former drunkard does not entail Homer
is a drunkard and *Homer is former. In this sense, former is

a non-intersective modifier. Which of the following are non-

intersective modifiers? Give examples to support your point.

(a) yellow

(b) round

(c) alleged

(d) future
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(e) intelligent

(f) good

(g) mere

5.3 Quantifiers

5.3.1 Quantifiers: not type e

Previously, we analyzed indefinite descriptions like a baby in sen-

tences like Maggie is a baby. But we still cannot account for the

use of a baby as the subject of a sentence or the object of a transi-

tive verb, as in the following sentences:

(19) a. A baby loves Homer.

b. Homer loves a baby.

We have analyzed the meaning of a as an identity function on

predicates, so a baby denotes a predicate (i.e., a function of type⟨e, t⟩). In a sentence like A baby loves Homer, the VP loves Homer
denotes a predicate of type ⟨e, t⟩. This leaves us in the following

predicament.

S

????

DP⟨e, t⟩
D⟨⟨e, t⟩,⟨e, t⟩⟩
a

N⟨e, t⟩
baby

VP⟨e, t⟩
V⟨e,⟨e, t⟩⟩

loves

DP

e

Homer
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The only composition rule that we have for combining two ex-

pressions of type ⟨e, t⟩ is Predicate Modification. But this yields a

predicate, and it doesn’t make sense to analyze a sentence like A
baby loves Homer as denoting a predicate, because the sentence is

something that can be true or false. Its semantic value in a model

should be true or false, depending on whether or not a baby loves

Homer.

We also lack an analysis for the following sentences.

(20) Somebody is lazy.

(21) Everybody is lazy.

(22) Nobody is lazy.

(23) {Some, every, at least one, at most one, no} linguist is lazy.

(24) {Few, some, several, many, most, more than two} linguists

are lazy.

We have been assuming that the VP denotes a function of type⟨e, t⟩. A sentence is something that can be true or false, so that

should be of type t . So what type is the subject in these examples?

S

t

DP

?

...

VP⟨e, t⟩
is lazy

We could arrive at type t at the S node by treating these ex-

pressions as type e , like Homer, Maggie, and the baby. But there is

considerable evidence that these expressions cannot be treated as

type e . The analysis of these expressions as type e makes a num-

ber of predictions that are not borne out.

First, an individual-denoting should validate subset-to-superset

inferences, for example:
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(25) John came yesterday morning.

Therefore, John came yesterday.

This is a valid inference if the subject, like John, denotes an in-

dividual. Here is why. Everything that came yesterday morning

came yesterday. If α denotes an individual, then α came yesterday
morning is true if the individual denoted by α is among the things

that came yesterday morning. If that is true, then that individual

is among the things that came yesterday. So if the first sentence is

true, then the second sentence is true.

Some of the expressions in (20)–(24) fail to validate subset-to-

superset inferences. For example:

(26) At most one letter came yesterday morning.

Therefore, at most one letter came yesterday.

This inference is not valid, so at most one letter must not denote

an individual.

Exercise 17. Which of the expressions in (20)–(24) validate subset-

to-superset inferences? Give examples.

The second property that expressions of type e should have

that these expressions do not always have is that they validate the

law of contradiction. In logic, the law of contradiction is that P ∧
¬P is always false. In this context, the prediction is that sentences

like the following should be self-contradictory:

(27) Mount Rainier is on this side of the border, and Mount Rainier

is on the other side of the border.

This sentence is contradictory because Mount Rainier denotes an

individual. Here is why. Nothing that is on this side of the border

is on the other side of the border. If α is of type e , then α is on this
side of the border is true if and only if the individual thatα denotes

is on this side of the border. This means that this individual is not
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on the other side of the border. So the second conjunct must be

false. So the conjunction (under a standard analysis of and) can

never be true.

But the following sentence is not contradictory:

(28) More than two mountains are on this side of the border,

and more than two mountains are on the other side of the

border.

So more than two mountains must not be type e .

Exercise 18. Which of the expressions in (20)–(24) fail to validate

the law of contradiction? Give examples.

Exercise 19. This sentence is not contradictory: At most two
mountains are on this side of the border, and at most two moun-
tains are on the other side of the border. This proves that at most
two mountains is not an expression of type e . Explain why. (Your

answer could take the form, “If this expression were of type e , we

would expect ..., but instead we find the opposite: ...”)

Finally, an expression of type e should validate the law of the

excluded middle. The law of the excluded middle says that either

P is true, or ¬P is true. It can’t be the case that neither is true. For

example:

(29) I am over 30 years old, or I am under 40 years old.

This is a tautology, and that is because I is an expression of type

e . Any expression of type e will yield a tautology in a sentence like

this. Here is why. Everything is either over 30 years old or under

40 years old. If α is of type e , then α is over 30 years old means

that the individual that α denotes is over 30 years old. α is under
40 years old means that the individual is under 40 years old. Since



138 Translating to lambda calculus

everything satisfies at least one of these criteria, the disjunction

(under a standard analysis of or) cannot fail to be true.

But this sentence is not a tautology:

(30) Every woman in this room is over 30 years old, or every

woman in this room is under 40 years old.

So every woman must not be of type e .

Exercise 20. Which of the expressions in (20)–(24) fail to validate

the law of the excluded middle? Give examples.

5.3.2 Solution: Quantifiers

Let us recap. We assume that a VP denotes a predicate (type ⟨e, t⟩)
and that a sentence denotes a truth value (type t ). We have a

bunch of expressions that are not of type e , and we want them

to combine with the VP to produce something of type t . What can

we do? The solution is to feed the VP as an argument to the sub-
ject DP. An DP like something will denote a function that takes a

predicate as an argument, and returns a truth value. Its type will

therefore be: ⟨⟨e, t⟩, t⟩
This is the type of a quantifier.

We can define something as a function that takes as input a

predicate and returns true if and only if there is at least one satis-

fier of the predicate:

(31) ⟪something⟫ =λP .∃x .P(x)
In contrast, the function denoted by⟪nothing⟫ returns true if there

is nothing satisfying the predicate in the relevant model:

(32) ⟪nothing⟫ =λP .¬∃x .P(x)
⟪Everything⟫ returns true if everything satisfies the predicate:
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(33) ⟪everything⟫ =λP .∀xP(x)
You can think of quantifiers as predicates of predicates. For exam-

ple, λP .¬∃x .P(x) denotes a predicate that holds of a predicate

over individuals if it has no satisfiers.

Using Functional Application (which, as you may recall, does

not care about the order of the arguments), the quantifier will take

the denotation of the VP as an argument, and yield a truth value,

thus:

S

t

DP⟨⟨e, t⟩, t⟩
everything

VP⟨e, t⟩
V⟨e, t⟩

vanished

vs. S

t

DP

e

Maggie

VP⟨e, t⟩
V⟨e, t⟩

vanished

Now what about determiners like every, no, and some? These

should denote functions that take the denotation of a noun phrase

and return a quantifier, because we want every girl to function in

the same way as everyone. The input (e.g. girl) is type ⟨e, t⟩, and

the output is a quantifier, type ⟨⟨e, t⟩, t⟩. So the type of these kinds

of determiners will be:

⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩⟩
In particular, these determiners can be defined as follows:

(34) ⟪some⟫ = λPλQ .∃x .[P(x)∧Q(x)]
(35) ⟪no⟫ = λPλQ .¬∃x .[P(x)∧Q(x)]
(36) ⟪every⟫ =λPλQ .∀x .[P(x)→Q(x)]

These will yield analyses like the following:
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S

t
∀x .[doubt(x)→ vanished(x)]

DP⟨⟨e, t⟩, t⟩
λQ .∀x .[doubt(x)→Q(x)]

D⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩⟩
λPλQ .∀x .[P(x)→Q(x)]

every

NP⟨e, t⟩
doubt

doubt

VP⟨e, t⟩
vanished

V⟨e, t⟩
vanished

vanished

Historical note: Treating quantifiers as type ⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩⟩,
i.e., as relations between two sets, has roots in an influential paper

by Barwise & Cooper (1981). In that paper, Barwise and Cooper

argue that first-order logic is not sufficient for expressing the mean-

ings of certain quantifiers in English including most, as first-order

logic does not have a means of expressiong the concept ‘more

than half’. They offered a more general theory of quantificational

expressions, covering the full range of of so-called generalized

quantifiers.5

Exercise 21. For each of the following trees, give the semantic type

and a completely β reduced translation at each node. Give appro-

priate lexical entries for words that have not been defined above,

following the style we have developed:

5Recent theories of words like most, building especially on work by Hackl

(2009), treats most as the superlative form of words like many. This approach

reopens the question of what the existence quantifiers like most signifies for lin-

guistic theory.
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• Adjectives, non-relational common nouns, and intransitive

verbs are type ⟨e, t⟩.
• Transitive verbs are type ⟨e,⟨e, t⟩⟩.
• Proper names are type e . (You can treat onions as type e as

well.)

• Quantificational DPs are type ⟨⟨e, t⟩, t⟩.
• Quantifiers are type ⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩.

The lexical entries should be assigned in a way that captures what

a model should be like if the sentence is true. For example, No-
body likes onions should be predicted to be true in a model such

that no individual stands in the ‘like’ relation to onions.

(a) S

DP

Everybody

VP

V

poops

(b) S

DP

Somebody

VP

V

hugged

DP

Merkel

(c)
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S

DP

Everyone

VP

V

is

AP

A

afraid

PP

P

of

DP

Obama

(d) S

DP

Nobody

VP

V

likes

DP

onions

(e) S

DP

D

Some

NP

N

guy

VP

V

hugged

DP

Putin

Exercise 22. How does the kind of treatment of quantificational

expressions given in the preceding discussion account for these
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facts:

(a) More than two cats are indoors and more than two cats are out-
doors is not a contradiction.

(b) Everybody here is over 30 or everybody here is under 40 is not a

tautology.

Exercise 23. Give an analysis of A baby loves Homer using Func-

tional Application and Non-Branching Nodes. Your analysis

should take the form of a tree, specifying at each node, the syn-

tactic category, the semantic type, and a fully β-reduced transla-

tion to Lλ. The sentence should be true in any model where there

is some individual that is both a baby and someone who loves

Homer. You may have to introduce a new lexical entry for a.

Exercise 24. In some languages, there is a morpheme (e.g., Mid-

dle Voice in Ancient Greek, reflexivizing affix in Kannada, Passive

Voice in Finnish, etc.) that attaches to the verb stem and reduces

its arity by one. Let us take the following imaginary morphemes

self1, self2, and self3. Assuming the syntactic structure given, give

a denotation for each of these morphemes.

(a) For the sentence Carlos self1-shaves, make the structure below

yield the meaning ‘Carlos shaves himself’ by supplying the de-

notation of self1.

S

Carlos VP

self1 shaves
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(b) For the sentence Carlos self2-introduced Paco, make the struc-

ture below yield the meaning ‘Carlos introduced Paco to Car-

los (himself)’ by supplying the denotation of self2.

S

Carlos VP

V0

self2 introduced

Paco

(c) For the sentence Carlos self3-introduced Paco, make the struc-

ture below yield the meaning ‘Carlos introduced Paco to Paco

(himself)’ by supplying the denotation of self3.

S

Carlos VP

V0

self3 introduced

Paco

(Exercise due to Maribel Romero.)

Exercise 25. We have assumed that, in the formal translation of a

sentence, a predicate combines with its Agent, Patient, Goal, etc.

(so-called thematic roles, directly. For example, hug takes two

arguments, someone being hugged (the Patient), and the hugger

(the Agent). An alternative view posits that the formal predicate
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combines only with an event argument, while the thematic roles

are introduced as separate formal predicates relating the event to

the relevant argument. This approach, called neo-Davidsonian,

is exemplified as follows, where e is an event variable, type v :

⟪Ron hugged Sue⟫ =
∃ev .[hugging(e)∧agent(e,r )∧patient(e, s)]
To achieve these truth conditions, two different approaches

have been pursued:

1. ⟪hug⟫ = λxλyλev .hugging(e)∧agent(e, y)∧patient(e, x)
2. ⟪hug⟫ = λev .hugging(e)

In this exercise we’ll concentrate in the second version of the

neo-Davidsonian approach. On this approach, there are syntactic

phrases corresponding to each syntactic role, headed by silent

‘functional’ heads, which play the role of linking the event to its

thematic role fillers. For example Ag0 (where the superscript 0

represents its status as a head, rather than a phrase) is the head

that introduces the agent role. Here is a representation for Ron
hugged Sue in Philadelphia:

AgP

DP

Ron

Ag’

Ag0 PatP

PatP

Pat’

V

hug

Pat0

DP

Sue

PP

in Philadelphia
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To complete this exercise,

(a) Spell out the denotations of the functional heads Ag0 and Pat0

as lambda-expressions of type ⟨⟨v, t⟩,⟨e,⟨v, t⟩⟩⟩.
(b) Spell out the denotation of the preposition in as a lambda-

expression of type ⟨e,⟨v, t⟩⟩.
(c) Do the semantic computation of the sentence step by step.

(Exercise due to Maribel Romero.)

Exercise 26. Now consider the following structure for the verb

introduce.

AgP

DP

Reinfeldt

Ag’

Ag0 PatP

PatP

Pat’

V

introduced

Pat0

DP

Obama

PP

to Putin

Use the denotations of the functional heads Ag0 and Pat0
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from the previous exercise. They will again be spelled out as

lambda-expressions of type ⟨⟨v, t⟩,⟨e,⟨v, t⟩⟩⟩. Then spell out the

denotation of the preposition to as a lambda-expression of type⟨e,⟨v, t⟩⟩, and do the semantic computation of the sentence step

by step.

(Exercise due to Maribel Romero.)





6 ∣ Variables and Predicate Abstrac-

tion

6.1 Relative clauses

In this chapter, we will consider expressions in natural language

that can be translated into Lλ as variables. We will begin with the

phenomenon of relative clauses, such as the following:

(1) The car that Joe bought is very fancy.

(2) The woman who founded Girl Scouts is deaf.

Semantically, relative clauses are much like adjectival modifiers:

(3) The red car is very fancy.

(4) The brave woman is deaf.

They denote predicates and can combine via Predicate Modifica-

tion.

(5) NP⟨e, t⟩
NP⟨e, t⟩
car

CP⟨e, t⟩
that Joe bought

149
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CP stands for “Complementizer Phrase” and we will follow Heim & Kratzer

(1998) in assuming the following syntax for relative clause CPs.

(6) CP

whichi C′

C

that

S

DP

Joe

VP

V

bought

DP

ti

(7) CP

whoi C′

C

that

S

DP

ti

VP

V

likes

DP

Joe

The text that is struck out like so is deleted, i.e., present at a cer-

tain level of representation, but not pronounced. We assume that

either the relative pronoun or the complementizer that is deleted,

in accordance with the ‘Doubly-Filled Comp Filter’ (Chomsky & Lasnik,

1977), the principle that either the relative pronoun or that must

be silent in English.

These structures are assumed to be derived through a syntac-

tic transformation which moves a relative pronoun from its origi-

nal position to a position preceding the complementizer position,
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C, where it is a sister to C′.1 The thought is that which and who oc-

cupy these original positions at one level of representation (‘Deep

Structure’), and then undergo a syntactic transformation to end

up in their overt positions (at ‘Surface Structure’). But these wh-
pronouns do not disappear entirely from their original positions;

they leave a trace signifying that they once were there. The sub-

scripts i on which and the trace are there to keep track of the con-

nection between the wh- pronoun and its original position. Such

a subscript will be instantiated as a natural number (0,1,2,...) in

any particular case, and this index plays an important role in the

interpretation.

Following an idea that is implemented slightly differently in

Heim & Kratzer (1998), we assume that traces correspond to logi-

cal variables. Here we implement this idea by mapping traces to

variables in Lλ. The index on the trace determines which variable

it is translated to.

Composition Rule 4. Pronouns and Traces Rule

If α is an indexed trace or a pronoun, ⟪αi⟫ = vi ,e

For the present purposes, we will assume that all pronouns and

traces are type e . (We could loosen this by adding a subscript for

the type on the pronoun or trace.) So for example,

⟪t5⟫ = v5,e

I.e., t5 is translated as variable number 5 of type e . The denotation

of this variable will depend of course on the assignment; recall

that !v5,e"
M ,g = g(v5,e).2

1This position is called the specifier position. The term ‘specifier’ comes from

the X -bar theory of syntax, where all phrases are of the form [X P (specifier) [X ′

[X (complement) ] ] ] ].
2Contrast Heim and Kratzer’s rule, given in a direct interpretation style, where
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We have called it the ‘Pronouns and Traces Rule’ because it

will also use it for pronouns, so for example:

⟪he7⟫ = v7,e

More on this in §6.3. Note that the idea of treating traces and

pronouns as variables is a rather controversial idea; see Jacobson

(1999) and Jacobson (2000) for critique and alternatives. But since

this is such an influential approach, it is important to understand

how it works.

Now, the S in a relative clause is type t . How do we get the CP

to have type ⟨e, t⟩?
(8) CP⟨e, t⟩

which1 C′

C

that

S

t

DP

e

Joe

VP⟨e, t⟩
V⟨e,⟨e, t⟩⟩

bought

DP

e

t1

Heim & Kratzer (1998) propose the following, where p is a variable

of type t :

an assignment function decorates the denotation brackets: !αi "
g = g(i). Here

the difference between direct interpretation and translation becomes bigger

than mere substitution of square brackets for angled brackets.
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• The complementizer that is vacuous; that S = S
or ⟪that⟫ =λpt . p

• The relative pronoun triggers a special rule called Predicate

Abstraction at the CP node.3

Composition Rule 5. Predicate Abstraction

If γ is an expression whose only two subtrees are αi and β and⟪β⟫ is an expression of type t , then ⟪γ⟫ = λvi ,e .⟪β⟫.

(We will leave off e from the subscripts on variables when it is clear

what the type is.)

This gives us the following analysis of the relative clause:

3Heim and Kratzer’s original formulation of Predicate Abstraction is as fol-

lows: “If α is a branching node whose daughters are a relative pronoun indexed

i and β, then !α"g = λx ∈De .!β"g x/i
,” where g x/i is an assignment that is just

like g except that x is assigned to i . In their framework, natural language expres-

sions are mapped to denotations directly rather than being translated to lambda

calculus, and the mapping may depend on an assignment. The λ symbol is part

of the meta-language in their system, used as shorthand for describing func-

tions, and x is also a variable of the meta-language, which ranges over objects in

the domain.
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(9) CP⟨e, t⟩
λv1 .bought(j, v1)

which1 C′

t
bought(j, v1)

C⟨t , t⟩
λpt . p

that

S

t
bought(j, v1)

DP
e
j

Joe

VP⟨e, t⟩
λx .bought(x, v1)

V⟨e,⟨e, t⟩⟩
λyλx .bought(x, y)

bought

DP

e
v1

t1

So that Joe bought denotes the property of having bought by Joe.

This can combine via Predicate Modification with car, giving the

property of being a car that Joe bought, as it should.

Exercise 1. Which of the following sentences involve restrictive

relative clauses? Which involve non-restrictive relative clauses?

1. John, who is my best friend, is coming to the party.

2. The guy who is my best friend is coming to the party.

3. That guy, who is my best friend, is coming to the party.

4. The guy over there, who is coming to the party, is my best

friend.
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5. The guy over there who is coming to the party is my best

friend.

Exercise 2. For each node in the following tree, give the type and

a fully β-reduced translation to Lλ.
DP

D

the

NP

NP

man

CP

who1 S

DP

t1

VP

left

Exercise 3. For each node in the following tree, give the type and

a fully β-reduced translation to Lλ.
DP

the NP

NP

man

CP

who1 S

DP

t1

VP

talked PP

P

to

DP

D

the

NP

NP

boy

CP

who2 S
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6.2 Quantifier Raising

The rule of Predicate Abstraction will also help with the interpre-

tation of quantifiers.

6.2.1 The problem of quantifiers in object position

Recall that a sentence like every linguist offended John, with a quan-

tificational noun phrase in subject position, receives an analysis

like this:

(10) S

t

DP⟨⟨e, t⟩, t⟩
D⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩⟩

every

NP⟨e, t⟩
linguist

VP⟨e, t⟩
V⟨e,⟨e, t⟩⟩

offended

DP

e

John

But a problem arises when the quantifier is in object position. The

transitive verb is expecting an individual, so the quantifier phrase

cannot be fed as an argument to the verb. And the quantifier

phrase is expecting an ⟨e, t⟩-type predicate, so the verb cannot be

fed as an argument to the quantifier phrase. So we have a type

mismatch.
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(11) S

???

NP

e

John

VP

???

V⟨e,⟨e, t⟩⟩
offended

NP⟨⟨e, t⟩, t⟩
D⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩⟩

every

N′⟨e, t⟩
linguist

There are several types of approaches to the problem:

1. Quantifier Raising: Assume a syntactic transformation such

that the quantifier phrase moves to position in the tree where

it can be interpreted, leaving a DP trace of type e in object

position.

2. Cooper Storage: Introduce a storage mechanism into the

semantics (Cooper, 1983). (This is done in Head-Driven Phrase

Structure Grammar; see Pollard & Sag 1994.) Heim & Kratzer

(1998) describe this as a way of “simulating movement” in

the semantics.

3. Flexible types approach: Interpret the quantifier phrase in
situ, i.e., in the position where it is pronounced. In this case

one can apply a type-shifting operation to change either the

type of the quantifier phrase or the type of the verb.

The flexible types approach adheres to the principle of “Direct

Compositionality”, which rejects the idea that the syntax first builds
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syntactic structures which are then sent to the semantics for in-

terpretation as a second step. With direct compositionality, the

syntax and the semantics work in tandem, so that the semantics

is computed as sentences are built up syntactically, as it were.

Jacobson (2012) argues that this is a priori the simplest hypoth-

esis and defends it against putative empirical arguments against

it.

Heim & Kratzer (1998) give two versions of a flexible types ap-

proach and give empirical arguments against both of them, in fa-

vor of the QR approach. Here we will present the QR approach

and compare it to flexible types approaches that Heim & Kratzer

(1998) do not consider, and argue that the available evidence does

not clearly favor or disfavor QR.

Exercise 4. What is the problem of quantifiers in object position,

and what are the main approaches to solving it?

6.2.2 A Quantifier Raising approach

The Quantifier Raising solution to the problem of quantifiers in

object position is embedded in a syntactic theory with several lev-

els of representation:

• Deep Structure (DS): Where the derivation begins, and ac-

tive sentences (John kissed Mary) look the same as passive

sentences (Mary was kissed by John), and wh- words are in

their original positions. For example, Who did you see? is

You did see who? at Deep Structure.

• Surface Structure (SS): Where the order of the words cor-

responds to what we see or hear (after e.g. passivization or

wh-movement)

• Phonological Form (PF): Where the words are realized as

sounds (after e.g. deletion processes)
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• Logical Form (LF): The input to semantic interpretation (af-

ter e.g. QR)

Transformations map from DS to SS, and from SS to PF and LF:

DS

SS

LF PF

This is the so-called ‘T-model’, or (inverted) ‘Y-model’ of Govern-

ment and Binding theory, motivated originally by Wasow (1972)

and Chomsky (1973). (Since the transformations from SS to LF

happen “after” the order of the words is determined, we do not see

the output of these transformations. These movement operations

are in this sense covert.) Many other transformational generative

theories of grammar have been proposed over the years, of course

(see Lasnik & Lohndal 2013 for an overview), and many of these

are also compatible with the idea of Quantifier Raising; the cru-

cial thing is that there is an interface with semantics (such as LF) at

which quantifiers are in the syntactic positions that correspond to

their scope, and there is a trace indicating the argument position

they correspond to. Of course, Quantifier Raising is not an option

in non-transformational generative theories of grammar such as

Head-Driven Phrase Structure Grammar (Pollard & Sag, 1994) and

Lexical-Functional Grammar (Bresnan, 2001); other approaches

to quantifier scope are taken in conjunction with those syntactic

theories.

Under Heim & Kratzer’s (1998) assumptions, Quantifier Rais-

ing (QR) maps the Surface Structure representation in (12a) to the

Logical Form representation in (12b).4

4Note that ‘Logical Form’ refers here to a level of syntactic representation. A

Logical Form is thus a natural language expression, which will be translated into

Lλ. It is natural to refer to the Lλ translation as the ‘logical form’ of a sentence,

but this is not what is meant by ‘Logical Form’ in this context.
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(12) a. S

DP

John

VP

V

offended

DP

D

every

NP

linguist

b. S

DP

D

every

NP

linguist

λP

1 S

DP

John

VP

V

offended

DP

t1

The number 1 in the syntax tree is the variable index that will be

used in the Predicate Abstraction rule. (Heim and Kratzer do not

give a syntactic category to the node dominating this index, so I

have called it λP.) The derivation works as follows. Predicate Ab-

straction is used at the λP node; Functional Application is used at

all other branching nodes.
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(13) S

t
∀x .[linguist(x)→ offended(j, x)]

DP

⟨⟨e, t⟩, t⟩
λQ .∀x .[linguist(x)→Q(x)]

D

⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩⟩
λPλQ .∀x .[P(x)→Q(x)]

every

NP

⟨e, t⟩
linguist

linguist

λP

⟨e, t⟩
λv1 . offended(j, v1)

1 S

t
offended(j, v1)

DP

e
j

John

VP

⟨e, t⟩
λx . offended(x, v1)

V

⟨e,⟨e, t⟩⟩
λyλx . offended(x, y)

offended

DP

e
v1

t1

Exercise 5. Simplify the following expression step-by-step:

[λQ .∀x[linguist(x)→Q(x)]](λv1 .offended(j, v1))
Tip: Use the Lambda Calculator.

Exercise 6. Derive a translation into lambda calculus for Beth
speaks a European language. Assume that a European language
undergoes QR, that the indefinite article a can also denote what

some denotes, that European and language combine via Predicate

Modification, and that speaks is a transitive verb of type ⟨e,⟨e, t⟩⟩.
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Exercise 7. Some linguist offended every philosopher is ambigu-

ous; it can mean either that there was one universally offensive

linguist or that for every philosopher there was a linguist, and

there may have been different linguists for different philosophers.

Explain how both of these readings can be derived using QR.

6.2.3 Generalized Argument Raising

Now we will consider a flexible types approach to the problem

of quantifiers in object position, one which repairs the type mis-

match in situ (‘in place’) through type-shifting. One of the most

clever flexible types approaches is Hendriks’s (1993) system, which

can (among other things) turn a type ⟨e,⟨e, t⟩⟩ predicate into one

that is expecting a quantifier for its first or second argument, or

both. The instantiation of this schema that applies to quantifiers

in object position looks like this:

Type-Shifting Rule 2. Object raising

If ⟪α⟫ is of type ⟨e, t⟩ then:

⟪OR α⟫ = λv⟨⟨e,t⟩,t⟩λy . v(λz .⟪α⟫(z)(y))
(unless v , y or z is free in ⟪α⟫; in that case, use different vari-

ables).

So a sentence like Sam loves everybody will be analyzed as follows:
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(14) t
∀z . loves(s, z)

e
s

Sam

⟨e, t⟩
λy .∀z . loves(y, z)

⟨⟨⟨e, t⟩, t⟩,⟨e, t⟩⟩
λv⟨⟨e,t⟩,t⟩λy . v(λz . loves(y, z))⇑⟨e,⟨e, t⟩⟩

loves

loves

⟨⟨e, t⟩, t⟩
λP .∀x .P(x)

everybody

Exercise 8. Reproduce the tree in (14) using the Lambda Calcula-

tor, doing the β-reductions along the way. Since the Lambda Cal-

culator does not support type-shifting, just treat the type shift as

if it is a silent sister to loves.

Note that this is not all that Hendriks’s system can do. He de-

fines a general schema of which the Object Raising rule is a partic-

ular instance. The general schema is as follows: If an expression

has a translation α of type ⟨F→a ,⟨b,⟨F→c , t⟩⟩⟩, whereF→a is a possibly

null sequence of types, then that expression also has translations

of the following form:

λF→x %→a λv⟨⟨b,t⟩,t⟩λ
F→y "→c [v(λzb[α(F→x )(z)(F→y )])]

A sentence with two quantifiers like Everybody likes somebody can

be analyzed in two different ways, depending on the order in which

the argument slots of the verb are lifted. The resulting type is the
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same: something that combines with two quantifiers. But the dif-

ferent orders in which the type-shifting operations applied give

two different scopes.

It turns out that if you raise the object first,5 and then the sub-

ject,6 then you get a reading with the existential quantifier outscop-

ing the universal quantifier. This is shown in the following tree,

where subscripts indicate the types of the variables.

(15) t∃z∀x . loves(x, z)

⟨⟨e, t⟩, t⟩
λP .∃z .P(z)

Somebody

⟨⟨⟨e, t⟩, t⟩, t⟩
λv⟨⟨e,t⟩,t⟩ . v(λze .∀x . loves(z, x))

⟨⟨⟨e, t⟩, t⟩,⟨⟨⟨e, t⟩, t⟩, t⟩⟩
λx⟨⟨e,t⟩,t⟩λv⟨⟨e,t⟩,t⟩ . v(λze . x(λz′e . loves(z, z′)))⇑⟨e,⟨⟨⟨e, t⟩, t⟩, t⟩⟩

λxeλv⟨⟨e,t⟩,t⟩ . v(λze . loves(z, x))⇑⟨e,⟨e, t⟩⟩
loves

loves

⟨⟨e, t⟩, t⟩
λP .∀x .P(x)

everybody

If the subject is raised first,7 and then the object,8 then the univer-

sal quantifier ends up scoping outside of the existential quantifier.

5with"→a as e,"→c as null, and b as e
6with"→a as ⟨⟨e,⟨e, t⟩⟩,"→c as null, and b as e
7with"→a as e,"→c as null, and b as e
8with"→a as null,"→c as ⟨⟨e, t⟩, t⟩, and b as e
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(16) t∀x∃z . loves(z, x)

⟨⟨e, t⟩, t⟩
λP .∃z .P(z)

Somebody

⟨⟨⟨e, t⟩, t⟩, t⟩
λy⟨⟨e,t⟩,t⟩ .∀x . y(λz′e . loves(z′, x))

⟨⟨⟨e, t⟩, t⟩,⟨⟨⟨e, t⟩, t⟩, t⟩⟩
λv⟨⟨e,t⟩,t⟩λy⟨⟨e,t⟩,t⟩ . v(λze . y(λz′e . loves(z′, z)))⇑⟨⟨⟨⟨e, t⟩, t⟩,⟨e, t⟩⟩

λv⟨⟨e,t⟩,t⟩λye . v(λze . loves(y, z))⇑⟨e,⟨e, t⟩⟩
loves

loves

⟨⟨e, t⟩, t⟩
λP .∀x .P(x)

everybody

6.2.4 Putative arguments for the movement

Heim & Kratzer (1998) give a number of arguments in favor of the

QR approach.

Argument #1: Scope ambiguities. The QR approach delivers two

different readings for scopally ambiguous sentences like Every-
body loves somebody. Heim & Kratzer (1998) claim that this can-

not be done with a flexible types approach. But they only consider

flexible types approaches in which the quantifiers themselves un-

dergo type-shifting operations; they do not consider the approach

of Hendriks (1993), which does give both readings, as just shown

in the previous section.

Argument #2: Inverse linking. A somewhat more challenging

case for a flexible types approach falls under the heading of ‘in-
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verse linking’, also known as ‘binding out of DP’. Here is a classic

example:

(17) One apple in every basket is rotten.

This does not mean: ‘One apple that is in every basket is rotten’,

and most flexible types analyses, including Hendriks 1993, deliver

only that reading. The QR analysis gives the right reading starting

from the following LF:

(18) S

DP

every basket 1 S

DP

D

one

NP

N

apple

PP

P

in

t1

VP

is rotten

Exercise 9. Derive the translation for (18) compositionally using

the rules we have introduced so far. You may need to introduce

new lexical entries.

Exercise 10. Explain why the correct reading of (17) cannot be de-

rived via Argument Raising.
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However, Barker (2005) has a flexible types analysis of binding out

of DP (granted, one that is challenging to grasp), so this does not

constitute a knock-down argument in favor of QR.

Argument #3: Antecedent-contained deletion Another argument

that has been made in favor of QR is based on examples like this:

(19) I read every novel that you did.

The VP after did seems to be deleted under identity with its an-

tecedent. But its antecedent is the VP read every novel that you
did, so the antecedent seems to contain the VP that is deleted.

Compare this to a nomal case of ellipsis:

(20) I read War and Peace before you did.

Here the deleted VP seems to be ‘read War and Peace’.

If the quantifier phrase in (19) undergoes QR, then the an-

tecedent VP no longer contains the deleted VP:
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(21) S

NP

D

every

N′

N

novel

CP

which1 C′

C

that

S

NP

you

VP

V

did

VP

V

read

DP

t1

λP

2 S

DP

I

VP

V

read

DP

t2

The antecedent VP is now identical to the elided VP except for the

index on the trace. So QR provides a nice solution to this problem.

Exercise 11. Analyze (21) using the Lambda Calculator.

Jacobson (1999) argues that this phenomenon does not con-

stitute a clear argument in favor of QR, though, because it can be

handled using a mode of composition called function composi-
tion, which we have not introduced here but has a range of inter-

esting applications.
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Argument #4: Quantifiers that bind pronouns Another argu-

ment that Heim and Kratzer give in favor of QR has to do with

reflexive pronouns. When a reflexive pronoun is anaphoric to a

proper name, the sentence can be paraphrased more or less by

replacing the pronoun with its antecedent:

(22) a. Mary blamed herself.

b. Mary blamed Mary.

But this is not the case when a reflexive pronoun is anaphoric to a

quantifier:

(23) a. Every woman blamed herself.

b. Every woman blamed every woman.

The problem is not unique to reflexive pronouns; it has to do with

any use of a pronoun that is connected to a quantifier including

the following:

(24) No man noticed the snake next to him.

If we treat pronouns as variables and use QR, we can easily

account for the meanings of these sentences:

(25) S

DP

D

every

N′

woman

λP

1 S

DP

t1

VP

V

blamed

DP

herself 1

Assuming that pronouns are translated as variables, it is some-

what more difficult to imagine how to derive the right reading on

a flexible types approach. Suppose we have that:
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(26) ⟪blamed herself⟫ =λy .blamed(y, v1)
If we combine this with every woman, then we will end up with a

formula that contains a free variable:

∀x .[woman(x)→ blamed(y, v1)]
and this is not the right reading.

But there are a number of ways of dealing with reflexive pro-

nouns withour QR. For example, a reflexive pronoun can be an-

alyzed as a function that takes as an argument a relation of type⟨e,⟨e, t⟩⟩ and returns a reflexive predicate (Keenan, 1987; Szabolcsi,

1987):

(27) ⟪herself⟫ = λR⟨e,⟨e,t⟩⟩λx .R(x, x)
Applied to for example blamed, this will yield the property of blam-

ing oneself, which can be combined with every woman to give the

right reading.

Exercise 12. Use the treatment of herself in (27) to derive a trans-

lation for every woman blamed herself.

Argument #5: The Extraction-Scope Generalization Finally, it

has been pointed out that there seem to be some syntactic con-

straints on QR, and these constraints seem to mirror constraints

on movement in general. For example, the quantifier every coun-
try can take wide scope in (28a) but not in (28b); the latter has

only the implausible reading implying the existence of an “inter-

national girl”.

(28) a. John knows a girl from every country.

b. #John knows a girl who is from every country.

Similarly, extraction of which country is possible from a preposi-

tional phrase modifier but not a relative clause modifier:



Variables and Predicate Abstraction 171

(29) a. Which country does John know a girl from?

b. *Which country does John know a girl who is from?

Example (29b) is a violation of Ross’s (1968) “Complex Noun Phrase

Constraint”, one of the so-called island constraints specifying is-

lands for extraction (syntactic environments from which extrac-

tion is impossible). The oddness of (28b) might lead one to sus-

pect that the constraints on scope are parallel to the constraints

on wh-extraction.

Another parallel has to do with coordination. A wide scope

reading for every man is possible in (30a), but not in (30b), where

the VP is coordinated with another VP. In (30b), we have only the

implausible reading that every man has the same mother.

(30) a. Some woman gave birth to every man.

b. #Some woman gave birth to every man and will eventu-

ally die.

Similarly, extraction of whom is possible in (31a) but not (31b),

where there is coordination.

(31) a. I wonder whom Mary gave birth to.

b. *I wonder whom Mary gave birth to and will eventually

die.

The badness of (31b) falls under Ross’s (1968) “Coordinate Struc-

ture Constraint”. It appears that quantifiers are also subject to

some kind of coordinate structure constraint.

Winter (2001) refers to this parallel between scope and wh- ex-

traction as the “Extraction Scope Generalization”. This correlation

might suggest that scope readings are generated via the same kind

of movement that puts wh- phrases in their place. However, scope

does not correlate completely perfectly with extraction, and QR is

not the only possible explanation for the parallels that do exist.

Summary. While there are some phenomena that might seem

prima facie to favor a QR approach, none of them constitutes a
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knock-down argument in favor of it. Some may find QR easier to

understand and work with and prefer it on those grounds; others

may find direct compositionality more appealing. QR is certainly

an important idea to have a good grasp on, as it figures in so much

writing in semantics. But whether QR has any solid empirical ad-

vantages or disadvantages seems to be an open question.

6.3 Pronouns

The composition rule we used for traces can also be used for pro-

nouns, as we shall see presently.9 A theory of pronouns ought to

account for the range of uses that they have, and pronouns have

both deictic uses and anaphoric uses. A deictic use is typically

accompanied by a gesture, but may also refer to whatever is most

visually or cognitively salient. For example, if someone utters the

following after a certain man has left the room, then he is being

used deictically.

(32) I am glad he is gone.

When a pronoun is anaphoric, it has a linguistic antecedent. Here

is an example:

(33) I don’t think anybody here is interested in Smith’s work. He

should not be invited.

Ideally, it would be possible to give a unified analysis of these two

uses. This might lead one to the following hypothesis:

Hypothesis 1. All pronouns refer to whichever individual is most

salient at the moment when the pronoun is processed.

The problem with this hypothesis is that there are some pronouns

9The following presentation follows Heim & Kratzer (1998) quite closely, al-

though the formalization looks quite different,since we have taken the approach

of translating into the language of lambda calculus.
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that don’t refer to any individual at all. In the following examples,

there is no particular individual that the pronoun refers to:

(34) No1 woman blamed herself1.

(35) Neither1 man thought he1 was at fault.

(36) Every1 boy loves his1 mother.

(37) the book such1 that Mary reviewed it1

So not all pronouns are referential. Note that it is sometimes said

that No woman and herself are “coreferential” in (34) but this is

strictly speaking a misuse of the term “coreferential”, because, as

Heim and Kratzer point out, coreference implies reference.

The pronouns in these examples are bound variables. For ex-

ample, (34) can be analyzed in a parallel way to how Every woman
blamed herself was analyzed above. Following Heim and Kratzer,

such-relatives can be treated much like relative clauses, using Pred-

icate Abstraction. The trigger for the abstraction in this case is

such, which is coindexed with a pronoun rather than a trace. For

example, in (37), there is coindexation between such and it. The

analysis works as follows:10

10Let us assume that x is a distinct variable from v1.
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(38) DP

e
ιx .[book(x)∧read(m, x)]

D⟨⟨e, t⟩,e⟩
λP . ιx .P(x)

the

NP⟨e, t⟩
λx .[book(x)∧read(m, x)]

NP⟨e, t⟩
λx .book(x)

book

AP⟨e, t⟩
λv1 .read(m, v1)

such1 CP

t
read(m, v1)

C⟨t , t⟩
λp . p

that

S
t

read(m, v1)

DP

e
m

Mary

VP⟨e, t⟩
λx .read(x, v1)
V⟨e,⟨e, t⟩⟩

λy .λx .read(x, y)
read

DP
e

v1

it1

Exercise 13. Give the types and a fully β-reduced logical transla-

tion for every node of the following tree.
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NP

NP

man

AP

such2 CP

C

that

S

DP

Ed

VP

V

read

DP

the NP

NP

book

CP

which1 S

DP

he2

VP

V

wrote

DP

t1

Let us consider the possibility that pronouns should always be

treated as bound variables.

Hypothesis 2. All pronouns are bound variables.

To make it precise, let us say that a pronoun is a bound variable if

there is a node that meets the structural description for Predicate

Abstraction dominating it and its index; otherwise it is free. (This

is a shortcut giving the effect of Heim & Kratzer’s (1998) definition,

which we will not repeat here because it involves slightly different

assumptions about the framework.)
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Hypothesis 2 has a number of undesirable consequences. It

would mean that for cases like (33), we would have to QR Smith to

a position where it QRs He in the second sentence somehow. It is

not completely crazy to imagine that proper names can undergo

QR, but it doesn’t seem right that QR should allow a DP to move

across a sentence boundary. If that were possible, then we would

get all sorts of interpretations for quantifiers that we never get. For

example, we should get a reading where everybody binds he in the

sequence, I don’t think everybody should be invited. He will just be
a bore.

Moreover, we don’t want to treat all pronouns as bound pro-

nouns because there are some ambiguities that depend on a dis-

tinction between free and bound pronouns. For example, in the

movie Ghostbusters, there is a scene in which the three Ghost-

busters Dr. Peter Venkman, Dr. Raymond Stanz, and Dr. Egon Spen-

gler (played by Bill Murray, Dan Akroyd, and Harold Ramis, re-

spectively), are in an elevator. They have just started their Ghost-

busters business and received their very first call, from a fancy ho-

tel in which a ghost has been making disturbances. They have

their proton packs on their back and they realize that they have

never been tested.

(39) Dr Ray Stantz: You know, it just occurred to me that we re-

ally haven’t had a successful test of this equipment.

Dr. Egon Spengler: I blame myself.

Dr. Peter Venkman: So do I.

There are two readings of Peter Venkman’s quip, a sympathetic

reading and a reading on which he is as usual being a jerk. On the

strict reading (the sympathetic reading), Peter blames himself.

On the sloppy reading (the asshole reading), Peter blames Egon.

The strict/sloppy ambiguity exemplified in (39) can be explained

by saying that on one reading, we have a bound pronoun, and

on another reading, we have a referential pronoun. The anaphor

so picks up the the property ‘x blames x’ on the sloppy reading,

which is made available through QR thus:
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(40) S

DP

I

λP

λ1 S

DP

t1

VP

V

blame

DP

myself 1

The strict reading can be derived from an antecedent without QR:

(41) S

DP

I1

VP

V

blame

DP

myself 1

This suggests that pronouns are sometimes bound, and some-

times free.

Heim and Kratzer’s hypothesis: All pronouns are variables, and
bound pronouns are interpreted as bound variables, and referen-
tial pronouns are interpreted as free variables.

In the following examples, the pronoun in the sentence is free:

(42) S

DP

She1

VP

V

is

A

nice
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(43) S

DP

John

VP

V

hates

DP

D

his1

NP

father

But in these examples, the pronoun is bound:

(44) S

DP

Every boy

λP

λ1 S

DP

t1

VP

V

loves

DP

D

his1

NP

father

]

(45) S

DP

John

λP

λ1 S

DP

t1

VP

V

hates

DP

D

his1

NP

father
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The free/bound distinction in the syntax will be reflected in

a free/bound distinction in the logical translation. The denota-

tion of the sentences with free pronouns will depend on an as-

signment.

Exercise 14.

(a) What is the translation for he3?

(b) Suppose that assignment function g maps v3 to the individual

Bart Simpson. Then what is the semantic value of the transla-

tion of the pronoun he3 with respect to g ?

This way of treating pronouns implies a new way of looking at

assignments. They are not only useful for defining the semantics

of quantificational expressions and such, but they also represent

the discourse context. As Heim & Kratzer (1998) put it:

Treating referring pronouns as free variables implies

a new way of looking at the role of variable assign-

ments. Until now we have asssumed that an LF whose

truth-value varied from one assignment to the next

could ipso facto not represent a felicitous, complete

utterance. We will no longer make this assumption.

Instead, let us think of assignments as representing

the contribution of the utterance situation.

Still, it is not appropriate to say She left! if your interlocutor has

no idea who she refers to. We can encode this using the following

principle:

(46) Appropriateness Condition

A context c is appropriate for a natural language expression

φ only if c determines a variable assignment gc whose do-

main includes every variable which has a free occurrence

in the translation of φ.
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(When we say that a context “determines” an assignment, we mean

that the context contains a bunch of information, among which is

the assignment.)

Note that this idea brings us very close to dynamic semantics

(Heim, 1982, 1983b,a; Kamp & Reyle, 1993; Groenendijk & Stokhof,

1990, 1991; Muskens, 1996, among others), where the meaning of

an utterance is something that depends on and updates the cur-

rent discourse context. In dynamic semantics, an indefinite noun

phrase like a man introduces a new discourse referent into the

context, expanding the domain fo the assignment function in the

context, and an anaphoric pronoun or definite description picks

up on the discourse referent.

Exercise 15. Suppose that the context provides the assignment g1,

and g1 is defined as follows:

g1 =

⎡⎢⎢⎢⎢⎢⎣
1 → Kim

2 → Kim

3 → Sandy

⎤⎥⎥⎥⎥⎥⎦
Answer the following questions:

(a) What is the translation of (42)?

(b) Is c1 appropriate for (42)?

(c) What is the semantic value of your translation for (42) with

respect to g1?

(d) Suppose we are at the beginning of a story, and the assign-

ment of the contxt is completely empty. Is this context appro-

priate for (42)?
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7.1 The definite article

Now let us consider definite descriptions like the president. Ac-

cording to Russell (1905), definite descriptions are very much like

the quantifiers we have just analyzed. According to Russell, The
president smokes means ‘There is exactly one president and and

he or she smokes’:

∃x .[president(x)∧∀y .[president(y)→ x = y]∧smokes(x)]
So it entails that there is a president (existence) and that there

is only one (uniqueness). So the sentence is false if there are no

presidents or multiple presidents.

Strawson (1950) finds this analysis very strange. He agrees that

definite descriptions signal existence and uniqueness of some-

thing satisfying the description, but he disagrees with Russell’s

proposal that these are entailments. As discussed in the first chap-

ter, he says:

To say, “The king of France is wise” is, in some sense

of “imply”, to imply that there is a king of France. But

this is a very special and odd sense of “imply”. “Im-

plies” in this sense is certainly not equivalent to “en-

tails” (or “logically implies”).

Putting it another way:

181
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When a man uses such an expression, he does not

assert, nor does what he says entail, a uniquely exis-

tential proposition. But one of the conventional func-

tions of the definite article is to act as a signal that a

unique reference is being made – a signal, not a dis-

guised assertion.

Strawson argues for this thesis as follows:

Now suppose someone were in fact to say to you with

a perfectly serious air: The King of France is wise. Would

you say, That’s untrue? I think it is quite certain that

you would not. But suppose that he went on to ask

you whether you thought that what he had just said

was true, or was false; whether you agreed or disagreed

with what he had just said. I think you would be in-

clined, with some hesitation, to say that you did not

do either; that the question of whether his statement

was true or false simply did not arise, because there

was no such person as the King of France. You might,

if he were obviously serious (had a dazed, astray-in-

the-centuries look), say something like: I’m afraid you
must be under a misapprehension. France is not a monar-
chy. There is no King of France.

Strawson’s observation is that we feel squeamish when asked to

judge the whether a sentence of the form The F is G is true or false,

when there is no F. We do not feel that the sentence is false; we

feel that the question of its truth does not arise, as Strawson put

it. The sentence is neither true nor false. One way of interpreting

this idea is by introducing a third truth value: Along with ‘true’

and ‘false’, we will have ‘undefined’ or ‘nonsense’ as a truth value.

Let us use m to represent this undefined truth value. If there is no

king of France, then the truth value of the sentence ‘The king of

France is bald’ will be m. Then the question becomes how we can

set up our semantic system so that this is the truth value that gets

assigned to such a sentence.
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Intuitively, the reason that the sentence is neither true nor

false is that there is an attempt to refer to something that does

not exist. This is an intuition that was expressed earlier by Frege

(1892 [reprinted 1948]). According to Frege, a definite description

like this, like a proper name, denotes an individual (type e). Re-

garding the negative square root of 4, Frege says:

We have here a case in which out of a concept-expression,

a compound proper name is formed, with the help of

the definite article in the singular, which is at any rate
permissible when one and only one object falls under
the concept. [emphasis added]

We assume that by “concept-expression”, Frege means an expres-

sion of type ⟨e, t⟩, and that “compound proper name”, Frege means

“a complex expression of type e”. To flesh out Frege’s analysis of

this example further, Heim and Kratzer suggest that square root is

a “transitive noun”, with a meaning of type ⟨e,⟨e, t⟩⟩, and that “of is

vacuous, square root applies to 4 via Functional Application, and

the result of that composes with negative under predicate modifi-

cation.” This suggests the following structure:
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NP

e

D⟨⟨e, t⟩,e⟩
the

N′⟨e, t⟩

A⟨e, t⟩
negative

N′⟨e, t⟩
N⟨e,⟨e, t⟩⟩

square root

PP

e

P⟨e,e⟩
of

NP

e

four

What does Frege mean by “permissible”? One reasonable inter-

pretation is that the denotes a function of type ⟨⟨e, t⟩,e⟩ that is

only defined for input predicates that characterize one single en-

tity. In other words, the definite article presupposes existence and

uniqueness. One might interpret this to mean that the king of
France does not denote an individual if there is no King of France,

even though it is an expression of type e . One way of handling this

is to introduce a special ‘undefined individual’ of type e . We will

use the symbol me for this.1

In order to express Frege’s idea, we need to introduce a new

symbol into the logic that we are translating English into, namly ι

‘iota’. The idea is that ιx .P(x) denotes the unique individual sat-

isfying P if there is exactly one such individual, and is otherwise

undefined. To add this symbol to our logic, first we add a syntax

1Other notations that have been used for the undefined individual include

Kaplan’s (1977) †, standing for a ‘completely alien entity’ not in the set of indi-

viduals, Landman’s (2004) 0, and Oliver & Smiley’s (2013) O, pronounced ‘zilch’.
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rule specifying that [ιx .φ] is an expression of type e :

(47) Lλ syntax rule for ι

If φ is an expression of type t , and u is a variable of type a,

then ιx .φ is an expression of type a.

As usual, we will drop the brackets when they are unnecessary.

Then we add a rule specifying its semantics:

(48) Lλ semantics rule for ι

!ιu .φ"= { d i f {k ∶ !φ"M ,g[u↦k] = 1} = {d}
me ot her wi se

Now we can give a Fregean analysis of the definite determiner as

follows:

(49) ⟪the⟫ =λP . ιx .P(x)
Applied to a predicate-denoting expression like president, it de-

notes the unique president, if there is one and only one president

in the relevant domain.

(50) NP

e
ιx .president(x)
D⟨⟨e, t⟩,e⟩

λP . ιx .P(x)
the

N′⟨e, t⟩
president

president

(51) !ιx .president(x)"M ,g

= { d i f {k ∶ !president"M ,g[x↦k] = 1} = {d}
me ot her wi se

For example, in a model corresponding to the White House in

2014, where the only president in the relevant domain is Barack

Obama, the denotation of the phrase would be Barack Obama.
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Now, let us assume that a predicate like bald only yields true

or false for actual individuals, and yields the undefined truth value

m when given the undefined individual me as input. Since the
King of France (used today) would have me as its denotation, the

denotation of The King of France is bald would then have m as its

denotation.

Exercise 16. Suppose that your friend doesn’t understand why this

is true. Explain it to him or her.

Let us consider another example. Beethoven wrote one opera,

namely Fidelio, but Mozart wrote quite a number of operas. So

in a model reflecting this fact of reality, the phrase the opera by
Beethoven has a defined value. But the opera by Mozart does not.

Consider what happens when the opera by Mozart is embedded in

a sentence like the following:

(52) The opera by Mozart is boring.

This might have the following translation:

boring(ιx .[opera(x)∧by(mozart)(x)])
But this expression will not have a value in a model where there

are multiple operas by Mozart. In this way, the undefinedness of

the definite description “percolates up”, as it were, to the sentence

level.

Exercise 17. Give a tree showing how the truth and definedness

conditions of The opera by Mozart is boring are built up composi-

tionally following the assumptions given in this section.
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Exercise 18. Adopt the following lexical entries.

1. ⟪the⟫ = λ f . ιx . f (x)
2. ⟪negative⟫ =λx .negative(x)
3. ⟪square-root⟫ =λy .λx .square-root-of(x, y)
4. ⟪four⟫ = four

Provide a fully β-reduced translation for each node of the follow-

ing tree.
DP

D

the

NP

AP

A

negative

N’

N

square-root

PP

of four

Adopt the following lexical entries, in addition to the lexical

entry for the in the previous exercise.

Exercise 19. Adopt the following lexical entries:

1. ⟪book⟫ = λx .book(x)
2. ⟪on⟫ =λxλy .on(y, x)
3. ⟪pillow⟫ = λx .pillow(x)
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Which of the following trees gives the right kind of interpretation

for the book on the pillow?
DP

the NP

book PP

on DP

D

the

NP

pillow

DP

DP

D

the

NP

book

PP

P

on

DP

D

the

NP

pillow

7.2 Possessives

It is often suggested that possessive descriptions contain a hidden

the. One prima facie reason for believing this is that possessive de-

scriptions with definite possessors in argument position typically

behave like (constant) terms, i.e., behave as if they have denota-

tions of type e . For example, Mary’s rabbit gives rise to a contradic-

tion in (53) whereas some rabbit does not. This would be expected

if Mary’s rabbit denoted a single rabbit.

(53) a. Mary’s rabbit is in the cage and Mary’s rabbit is outside
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the cage. (contradictory)

b. Some rabbit is in the cage and some rabbit is outside

the cage. (not contradictory)

Mary’s rabbit also behaves like an individual-denoting expression

when it comes to conjunction.

(54) a. Mary’s rabbit is from South Africa and Mary’s rabbit is

a secret agent.⇐⇒ Mary’s rabbit is a secret agent from South Africa.

b. Some rabbit is from South Africa and some rabbit is a

secret agent./⇐⇒ Some rabbit is a secret agent from South Africa.

However, as Löbner (2011) discusses, these tests do not always in-

dicate type e status when the possessor is not definite.

(55) At least one child’s pet rabbit is from South Africa and at

least one child’s pet rabbit is a secret agent./⇐⇒ At least one child’s pet rabbit is a secret agent from

South Africa.

(56) At least one child’s pet rabbit isn’t in the cage, and at least

one child’s rabbit is in the cage. (not contradictory)

Does this show that possessive phrases with quantificational de-

terminers are not of type e? Perhaps not. As Kamp (to appear)

observes, at least one child’s pet rabbit is felicitous only when at

least one child in the domain of discourse has exactly one pet rab-

bit. This suggests that possessives can, for the purposes of these

kinds of examples, be treated as definite within the scope of the

quantifiers they contain.

In order to analyze these cases, we need to have some kind

of analysis of possessives. It is a bit tricky, because in a case like

John’s sister, the possessive relation seems to come from the noun,

whereas in John’s car, the possessive relation comes from context;

John could own the car, or have been assigned to the car, etc.
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Nouns like sister are called relational nouns, and are typically an-

alyzed as being of type ⟨e,⟨e, t⟩⟩. So sister would be translated as

a two-place predicate. One way to distinguish between relational

and non-relational nouns is with of -PP complements as in (57a)

vs. the so-called double genitive construction shown in (57b).

(57) a. a portrait of Picasso

b. a portrait of Picasso’s

The example without possessive ’s in (57a) describes a portrait in

which Picasso is depicted. In (57b), Picasso could have made the

portrait, or he could own it, or any number of other things. The

restricted interpretation of (57a) can be explained based on the

following assumptions. There is one sense of portrait on which it

denotes a binary predicate, and on that sense, the argument to the

noun is the thing depicted in the portrait. On that sense, portrait
is a transitive noun, and requires an object, just as transitive verbs

require an object, and the of -PP construction in (57a) serves to

feed the object to the noun. So the of -PP construction in (57a)

is not a possessive construction at all; it is simply a construction

in which a transitive noun takes an argument. There is another

sense of portrait which is a simple unary predicate, and that is

the sense that surfaces in (57b), where the possessive ’s invokes a

contextually salient possessive relation.

To deal with this, we will take inspiration from Vikner & Jensen’s

(2002) idea that in cases like John’s car, an ⟨e, t⟩-type noun under-

goes a type shift to become an ⟨e,⟨e, t⟩⟩-type noun whose mean-

ing introduces an underspecified possessive relation poss. The

type-shift is defined as follows:

Type-Shifting Rule 3. Possessive shift

If ⟪α⟫ is of type ⟨e, t⟩, then:

⟪POSS α⟫ =λyλx .[⟪α⟫(x)∧poss(x, y)]
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as well (unless y or x is free in ⟪α⟫; in that case, use different

variables of the same type.

For example, this type-shift applied to car will produce

λyλx .[car(x)∧poss(x, y)]
so the possessive shift turns car into car of, so to speak.

One of the virtues of the possessive shift is that it makes it pos-

sible to account for the ambiguity of examples involving former
such as the following:

(58) John’s former mansion

‘the mansion that John formerly owned’

‘the former mansion that John currently owns’

If the possessive shift occurs between former and mansion, then

we get one reading, but if it occurs above former mansion, then

we get another reading. A full analysis of this particular example

would require us to be able to talk about time, which we have so

far ignored, so let us move on without getting into detail about

that.

We will also assume that possessive ’s is an identity function

on binary predicates, so that any noun that it combines with has

to undergo the possessive shift.2

(59) ⟪’s⟫ =λR .R

(Recall that R is a variable of type ⟨e,⟨e, t⟩⟩.) The possessive ’s will

form a constituent with the modified noun. This may strike the

reader as odd, but it is not so strange in light of other construc-

tions involving clitics. (Clitics are things that are in-between a

morpheme and a word.) For example, in I’m tired, it is not un-

reasonable to say that ’m forms a syntactic constient with tired.

2Vikner & Jensen (2002) following Partee (1983/1997), assume a more com-

plicated analysis of ’s.
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(Barker (1995) assumes that the possessive construction involves

a silent head that combines with the following noun and serves

as “glue” for the possessive construction; this analysis assumes

that the possessive ’s sits in the position where Barker has a silent

head.) So the types for John’s rabbit will work out as follows:

DP⟨e, t⟩

DP

e

John

D′⟨e,⟨e, t⟩⟩
D⟨⟨e,⟨e, t⟩⟩,⟨e,⟨e, t⟩⟩⟩
’s

NP⟨e,⟨e, t⟩⟩⇑⟨e, t⟩
rabbit

Notice that we have used DP (“Determiner Phrase”) instead of NP

in the syntax here. This is because it is convenient to use the spec-

ifier position in the DP (the sister of D′) for the possessor phrase

(Abney, 1987). For consistency, we ask the reader to mentally con-

vert all instances of:

NP

D

determiner

N′

N

noun

in the foregoing text to:
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DP

D′

D

determiner

NP

N′

N

noun

or to consider the former an abbreviation for the latter.

To get a type e interpretation of John’s rabbit, we can assume

that there is a silent definite article in the syntax, or we can assume

that John’s rabbit undergoes a type-shifting operation that does

the same job. In fact, Partee (1986) already posited a type-shifting

operation that would do this job, called iota.

Type-Shifting Rule 4. Iota shift

If ⟪α⟫ is of type ⟨e, t⟩, then

⟪IOTA α⟫ = ιx .⟪α⟫(x)
as well (unless x is free in α′; then choose a different variable).

If we assume that this type-shifting operation applies to John’s rab-
bit, then we will end up with the following translation for the phrase:

(60) ιx .[poss(j, x)∧ rabbit(x)]
Exercise 20. Give a tree analysis of John’s rabbit showing logical

representations at each node. At each node, indicate which com-

position rules and type-shifting operations you use, if any.
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Now let us consider how to analyze a case with a quantified

possessor. We can do it with Quantifier Raising. The possessor,

which is a quantifier, undergoes QR, leaving a trace in its original

position.3 The possessive noun undergoes the iota shift, yielding,

in effect, a definite description containing a variable bound by the

possessor. The syntactic structure and types will be as follows:

(61) S

t

DP

⟨⟨e, t⟩, t⟩

some child

λP

1 S

t

DP

e
⇑
⟨e, t⟩

DP

e

t1

D′

⟨e,⟨e, t⟩⟩

D

⟨⟨e,⟨e, t⟩⟩,⟨e,⟨e, t⟩⟩⟩

’s

NP

⟨e,⟨e, t⟩⟩
⇑
⟨e, t⟩

pet rabbit

VP

⟨e, t⟩

is a secret agent

3This is an instance of the ‘binding out of DP’ problem, so QR is making our

lives easier here. See Barker (2005) and Francez (2011) regarding directly com-

positional analyses of quantified possessives.
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Exercise 21. Derive the translation for Some child’s pet rabbit is a
secret agent step-by-step.

7.3 Definedness conditions

The definite article is one of many presupposition triggers, and

even if we are satisfied with our treatment of the definite article,

we still need a more general way of dealing with presupposition.

The determiners both and neither, for example, come with pre-

suppositions. In a context with three candidates for a job, it would

be quite odd for someone to say either of the following:

(62) a. Both candidates are qualified.

b. Neither candidate is qualified.

If there are two candidates and both are qualified, then (62a) is

clearly true and (62b) is clearly false. But if there is any number

of candiates other than two, then it is hard to say whether these

sentences are true or false. This suggests that both candidates and

neither candidate come with a presupposition that there are ex-

actly two candidates.

As the reader may have noticed, we have been assiduously

avoiding plural noun phrases so far, so we will ignore both and fo-

cus on neither. We can model this presupposition by treating nei-
ther as a variant of every that is only defined when its argument is a

predicate with exactly two satisfiers. Let us use ∣P ∣ = 2 (suggesting

‘the cardinality of P is 2’) as a way of writing the idea that pred-

icate P has exactly two satisfiers.4 This is what is presupposed.

To signify that it is presupposed, we will use Beaver & Krahmer’s

(2001) ∂ ‘partial’ operator. A formula like this:

∂[∣P ∣ = 2]
4∣P ∣ = 2 is short for ∃x∃y[x ≠ y ∧P(x)∧P(y)∧¬∃z[z ≠ x∧ z ≠ y ∧P(z)]].
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can be read, ‘presupposing that there are exactly two Ps’. The lexi-

cal entry for neither can be stated using the ∂ operator as follows:

(63) neither↝λPλQ .[∂(∣P ∣ = 2)∧¬∃x .[P(x)∧Q(x)]]
This say that neither is basically a synonym of no, carrying an extra

presupposition: that there are exactly two Ps.

In order to be able to give translations like this, we need to

augment Lλ to handle formulas containing the ∂ symbol. So ∂(φ)
will be a new kind of expression of type t in our logic. Its value will

be ‘true’ if φ is true and ‘undefined’ otherwise. To implement this,

we must add a new clause to our syntax rules for Lλ:

(64) Syntax of definedness conditions

If φ is an expression of type t , then ∂(φ) is an expression of

type t .

We define the semantics of these expressions as follows:

(65) Semantics of definedness conditions

If φ is an expression of type t , then:

!∂(φ)"M ,g ={!α"M ,g if !φ"M ,g = 1

m otherwise.

The lexical entry in (63) will give us the following analysis for

(62b), where β-reduced variants of the translations are given at

each node:

(66) ∂(∣candidate∣ = 2)∧∀x .[candidate(x)→ qualified(x)]

λQ .[∂(∣candidate∣ = 2)∧∀x .[candidate(x)→Q(x)]]

λPλQ .[∂(∣P ∣ = 2)∧∀x .[P(x)→Q(x)]]

neither

candidates

candidate

qualified

is qualified
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The translation for the whole sentence (at the top of the tree) should

have a defined value in a model if ∣candidate∣ = 2 is true in the

model. If it has a defined value, then its value is equal to that of

∀x .[candidate(x)→ qualified(x)].5
The quantifier every is also sometimes argued to come with

a presupposition. For example, one might hesitate to judge the

following sentence as true:

(67) Every unicorn in the world is white.

Assuming that there are no unicorns in the world, this sentence

is true given the analysis of every that we have given so far: since

there are no unicorns in the world, there are no unicorns in the

world that are not white, and this is sufficient to make the sen-

tence true according to the semantics we have given. But some-

thing feels wrong with (67), suggesting that there might be some-

thing wrong with our analysis of every. It seems to imply, in some

sense of imply (as Strawson would say), that there are unicorns.

But (67) does not entail that there are unicorns; we would hesitate

to judge it as true or false. We can capture this using the following

kind of analysis of every:

(68) ⟪every⟫ =λPλQ .[∂(∃x .P(x))∧∀x .[P(x)→Q(x)]]
This will give rise to an undefined value for (67) in models where

there are no unicorns (such as the one corresponding to reality),

capturing the intuition that the sentence is neither true nor false.

7.4 Projection problem

This treatment of presupposition captures the fact, discussed in

the first chapter, that presuppositions project. If there is no king

5Notice that β-reduction works as usual under this way of doing things. Al-

though the notation here is quite similar to Heim & Kratzer’s (1998) notation for

partial functions, and the expressive power is the same, the style of handling un-

definedness laid out in Heim & Kratzer (1998) does not allow for β-reduction to

work properly, so the present system is a bit cleaner in this respect.
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of France, then The king of France is wise has no truth value, nor

does The king of France is not wise. This captures the intuition that

both The king of France is wise and The king of France is not wise
imply – in some sense of imply – that there is a king of France.

But presuppositions do not always project, as Karttunen (1973)

discussed. Consider the following examples:

(69) If there is a king of France, then the king of France is wise.

(70) Either there is no king of France or the king of France is

wise.

Neither of these sentences as a whole implies that there is a king

of France. In Karttunen’s terms, if /then and either/or are filters,

which do not let all presuppositions “through”, so to speak. Imag-

ine the presuppositions floating up from deep inside the sentence,

and getting trapped when they meet if /then or either/or. The

problem of determining when a presupposition projects is called

the projection problem.

Operators like if /then and either/or do let some presupposi-

tions through, for example:

(71) If France is neutral, then the king of France is wise.

(72) Either France is lucky or the king of France is wise.

Karttunen gave the following generalization: When the antecedent
of the conditional (the if-part) entails a presupposition of the con-
sequent, the presupposition gets filtered out. In (69), the conse-

quent (the king of France is wise) presupposes that there is a king

of France, and the antecedent of the conditional is there is a king
of France. The antecedent entails of course that there is a king

of France, so the presupposition gets filtered out. In (71), the an-

tecedent is France is staying out of the war, which doesn’t entail

that there is a king of France, so the presupposition “passes through

the filter”, so to speak.
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With a disjunction, the generalization is as follows: a presup-
position of one disjunct gets filtered out when the negation of an-
other disjunct entails it, as in (70). In (70), the second disjunct (the
king of France is wise) presupposes that there is a king of France.

The first disjunct is there is no king of France, whose negation is

there is a king of France, which again entails of course that there

is a king of France, so the presupposition gets filtered out. In (72),

the first disjunct does not entail that there is a king of France, so

the presupposition does not get filtered out.

These two generalizations can be stated concisely and illumi-

natingly using Karttunen’s (1974) concept of local context: In gen-

eral, a presupposition gets filtered out if it is entailed by the ap-

propriate local context. The local context for the consequent of

a conditional is its antecedent, and the local context for one dis-

junct of a disjunction is the negation of the other disjunct.

Note that in (69) and (70), the local context is the same as the

presupposition (namely that there is a king of France), but it need

not be that way. Consider the following example from Karttunen

(1973):

(73) Either Geraldine is not a mormon or she has stopped wear-

ing her holy underwear.

The second disjunct (she has stopped wearing her holy underwear)

presupposes that Geraldine has holy underwear. The local con-

text for the second disjunct is the negation of the first disjunct.

The first disjunct is Geraldine is not a mormon, so the local con-

text is Geraldine is a mormon. If we assume that all mormons have

holy underwear, then the local context entails that Geraldine has

holy underwear. So Karttunen’s generalization correctly captures

the fact that (73) does not presuppose that Geraldine has holy un-

derwear.

The system that we have introduced for dealing with presup-

positions might seem to predict that presuppositions will always
project, since undefinedness tends to “percolates up,” so to speak.

The projection problem has been dealt with elegantly using dy-
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namic semantics, where the meaning of a sentence is a “context

change potential”: a function that can update a discourse con-

text. See for example Heim (1983b) and Beaver (2001) to learn

more about this. However, Beaver & Krahmer (2001) argue that

presupposition projection can in fact be handled well in a static

semantics with three truth values (true, false and undefined), us-

ing the ∂ operator, as we have done here.
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We are almost done with all of English, but not quite. Ha! There

are extremely many topics which are fruitful to study from this

perspective that we haven’t touched on at all:

• tense: John loved Mary vs. John loves Mary

• aspect: John is kissing/*loving Mary

• modality: John might/must/should kiss Mary

• attitude reports: John believes that he is kissing Mary

• conjoined and disjoined noun phrases: John and Mary, John
or Mary

• plurals: book vs. books

• numerals: two books, my two books, the two books

• comparatives: prettier, more beautiful, more books, less pretty,
fewer books, less milk

• superlatives: prettiest, most pretty, most books

• exclusives: only, sole(ly), exclusive(ly), mere(ly), just

• exceptives: except (for), save (that), but

• indexicals: I, you, here, now, today

201



202 Summary

• demonstratives: that glass over there

• questions: Did John kiss Mary? and embedded questions:

John doesn’t know whether he kissed Mary

• imperatives: Kiss Mary!

to name a few. And there is much remaining to be said about the

topics we have touched on. However, the reader now has a starter

kit. The following sections give the fragment of English that we

have developed so far.

8.1 Logic: Partial typed lambda calculus (L3)

Expressions of the following fragment of English given below will

be translated into the following version of lambda calculus in which

there are three truth values. Let us call the language L3.

Types. e and t are types, and if a and b are types, then ⟨a,b⟩ is

a type; nothing else is a type. For all type a, ma stands for the

undefined entity of type a.

8.1.1 Syntax of L3

The set of expressions of type a, for any type a, is defined recur-

sively as follows. (An expression of type t is a formula.)

1. Basic expressions

For each type a,

(a) the non-logical constants of type a are they symbols of

the form cn,a for each natural number n.

(b) the variables of type a are the symbols of the form vn,a

for each natural number n.
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2. Predication

For any types a and b, if α is an expression of type ⟨a,b⟩
and β is an expression of type a then α(β) is an expression

of type b.

3. Equality If α and β are terms, then α =β is an expression of

type t .

4. Negation

If φ is a formula, then so is ¬φ.

5. Binary Connectives

If φ andψ are formulas, then so are¬φ,[φ∧ψ],[φ∨ψ],[φ→
ψ], and [φ↔ψ].

6. Quantification

If φ is a formula and u is a variable of any type, then [∀u .φ]
and [∃u .φ] are formulas.

7. Lambda abstraction

If α is an expression of type a and u is a variable of type b
then [λu .α] is an expression of type ⟨b, a⟩.

8. Iota terms

If φ is a formula, and u is a variable of type a, then [ιu .φ] is

an expression of type a.

9. Definedness conditions

If φ is a formula, then ∂(φ) is a formula.

In addition, we have the following abbreviation conventions.

1. Square brackets that are outermost in an expression may be

deleted.

2. An expression of the form [[φ∧ψ]∧χ] or [φ∧ [ψ∧χ]] can

be simplified to [φ∧ψ∧χ]. Similarly for disjunctions.

3. We may write π(α1, ...,αn) instead of π(αn)...(α1).
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4. Brackets around a quantified formula can be dropped if it is

rightmost (last) in a top-level expression, or rightmost in a

larger constituent that ends in a bracket.

5. The dot may be dropped in a sequence of binders.

6. Square brackets that are immediately embedded inside paren-

theses can be dropped.

8.1.2 Semantics of L3

For each type a, there is an associated domain Da . De is the do-

main of individuals, Dt is the set of truth values, and for any types

a and b, D⟨a,b⟩ is the set of functions from Da to Db .

Expressions are interpreted in L3 with respect to both:

• a model M = ⟨D, I ⟩where D is a non-empty set of individu-

als, and I is a function assigning a denotation in Da to each

non-logical constant of type a

• an assignment g , which is a function assigning to each vari-

able of type a a denotation from the set Da

For every well-formed expression α, the semantic value of α with

respect to model M and assignment function g , written !α"M ,g , is

defined recursively as follows:

1. Basic expressions

(a) If α is a non-logical constant, then !α"M ,g = I(α).
(b) If α is a variable, then !α"M ,g = g(α).

2. Predication

If α is an expression of type ⟨a,b⟩, and β is an expression of

type a, then !α(β)" = !α"(!β").
3. Equality Ifα andβ are terms, then !α=β"M ,g = 1 iff !α"M ,g =

!β"M ,g .
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4. Negation

If φ is a formula, then !¬φ"M ,g = 1 iff !φ"M ,g = 0.

5. Binary Connectives

If φ and ψ are formulas, then:

(a) !φ∧ψ"M ,g = 1 iff !φ"M ,g = 1 and !ψ"M ,g = 1.

(b) !φ∨ψ"M ,g = 1 iff !φ"M ,g = 1 or !ψ"M ,g = 1.

(c) !φ→ψ"M ,g = 1 iff !φ"M ,g = 0 and !ψ"M ,g = 1.

(d) !φ↔ψ"M ,g = 1 iff !φ"M ,g = !ψ"M ,g .

6. Quantification

(a) Ifφ is a formula and v is a varaible of type a then !∀v .φ"M ,g =
1 iff for all k ∈Da :

!φ"M ,g[v↦k] = 1

(b) Ifφ is a formula and v is a variable of type a then !∃v .φ"M ,g =
1 iff there is an individual k ∈Da such that that:

!φ"M ,g[v↦k] = 1.

7. Lambda Abstraction

If α is an expression of type a and u a variable of type b then

!λu .α"M ,g is that function h from Db into Da such that for

all objects k in Db , h(k) = !α"M ,g[u↦k].

8. Iota terms

If φ is a formula and u is a variable of type a then:

!ιu .φ"={ d i f {k ∶ !φ"M ,g[u↦k] = 1} = {d}
me ot her wi se.

9. Definedness conditions

If φ is an expression of type t , then:

!∂(φ)"M ,g ={ !α"M ,g i f !φ"M ,g = 1

ma ot her wi se.
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Truth in a model. For any expression φ, !φ"M = 1 iff !φ"M ,g = 1

for every value assignment g . Similarly, !φ"M = 0 iff !φ"M ,g = 0 for

every value assignment g .

8.2 Syntax of English fragment

Syntax rules. The following rules derive trees at Deep Structure:

S → DP VP

S → S JP

JP → J S

VP → V (DP∣AP∣PP∣CP)

AP → A (PP)

DP → (DP) D′

D′ → D (NP)

NP → D (N′)

N′ → N (PP∣CP)

N′ → A N′

PP → P DP

CP → C′

C′ → C S

Lexicon. Lexical items are associated with syntactic categories

as follows:

J: and, or
Neg: it is not the case that
V: smokes, loves, kissed, is
A: lazy, proud
N: drunkard, baby, kid, zebra, sister
D: the, a, every, some, no, neither, ’s,

who, which
John, Obama, everybody, somebody, nobody...

P: of, with
C: that
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Transformations. We assume the ‘T-model’, where a set of trans-

formations convert Deep Structures to Surface Structures, Surface

Structures to Phonological Forms, and Surface Structures to Logi-

cal Forms.

DS

SS

LF PF

The only transformation from Deep Structure to Surface Structure

that we will make explicit here is Relativization (cf. Muskens 1996):

Relativization. If α is a DP dominating who, whom or which:

[CP [C′ X α ]Y ] ]⇒ [CP αi [C′ X [ ti Y ] ] ]

where i is a fresh index.

The structures that are interpreted are Logical Forms, which

are derived from Surface Structures using Quantifier Raising (QR).

Following May (1985), we assume that QR only allows adjunction

to S nodes (whereas Heim & Kratzer (1998) allow adjunction to

any expression of an appropriate semantic type), but we take the

insertion of a numerical index into the tree from Heim & Kratzer

(1998).

Quantifier Raising. If α is a DP:

[S X α Y ]⇒ [ α [ i [S X [DP ti ] Y ] ] ]

where i is a fresh index.

8.3 Translations

8.3.1 Lexical entries

We associate each lexical item with a translation to L3. We will use

the following abbreviations:
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• x is v0,e , y is v1,e , and z is v2,e .

• X , Y , P and Q are variables of type ⟨e, t⟩.
• R is a variable of type ⟨e,⟨e, t⟩⟩.
• p and q are variables of type t .

• b, l, m, h and r are constants of type e .

• drunkard, baby, kid, zebra, lazy, and snores are constants

of type ⟨e, t⟩.
• loves, kissed, with, proud, and sister are constants of type⟨e,⟨e, t⟩⟩.
Type ⟨e, t⟩:

1. ⟪drunkard⟫ = λx .drunkard(x)
2. ⟪baby⟫ = λx .baby(x)
3. ⟪kid⟫ = λx .kid(x)
4. ⟪zebra⟫ = λx .zebra(x)
5. ⟪lazy⟫ =λx . lazy(x)

Type e :

1. ⟪Homer⟫ =h

2. ⟪Maggie⟫ = g

3. ⟪Bart⟫ = b

4. ⟪Lisa⟫ = l

5. ⟪Marge⟫ =m

Type ⟨t ,⟨t , t⟩⟩:
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1. ⟪and⟫ =λpλq .[p ∧q]
2. ⟪or⟫ =λpλq .[p ∨q]

Type ⟨t , t⟩:
1. ⟪it is not the case that⟫ =λp .¬p

Type ⟨⟨e, t⟩,⟨e, t⟩⟩:
1. ⟪is⟫ = λP .P

2. ⟪a⟫ =λP .P

Type ⟨⟨e, t⟩,e⟩:
1. ⟪the⟫ = λP . ιx .P(x)

Type ⟨e,⟨e, t⟩⟩:
1. ⟪loves⟫ = loves

2. ⟪kissed⟫ = kissed

3. ⟪with⟫ =with

4. ⟪proud⟫ = proud

5. ⟪sister⟫ = sister

Type ⟨⟨e, t⟩, t⟩:
1. ⟪something⟫ =λP .∃x .P(x)
2. ⟪nothing⟫ =λP .¬∃x .P(x)
3. ⟪everything⟫ =λP .∀x .P(x)

Type ⟨⟨e, t⟩,⟨⟨e, t⟩, t⟩⟩:
1. ⟪some⟫ =λPλQ .∃x .[P(x)∧Q(x)]
2. ⟪no⟫ =λPλQ .¬∃x[P(x)∧Q(x)]
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3. ⟪every⟫ =λPλQ .∂[∃x[P(x)]]∧∀x[P(x)→Q(x)]
4. ⟪neither⟫ = λPλQ .[∂[∣P ∣ = 2]∧¬∃x .[P(x)∧Q(x)]]

Type ⟨e,e⟩:
1. ⟪of⟫ =λx . x

8.3.2 Composition rules

If the translation of an expression γ is not specified in the lexicon,

then it is given by one of the following rules:

1. Functional Application

Let γ be a tree whose only two subtrees are α and β. If ⟪α⟫
is of type ⟨a,b⟩ and ⟪β⟫ is of type a (in other words, if ⟪α⟫
denotes a function which has the denotation of ⟪β⟫ in its

domain), then: ⟪γ⟫ = ⟪α⟫(⟪β⟫)
2. Predicate Modification

If ⟪α⟫ and ⟪β⟫ are of type ⟨e, t⟩, and γ is a tree whose only

two subtrees are α and β, then:

⟪γ⟫ =λu .[⟪α⟫(u)∧⟪β⟫(u)]
where u is a variable of type e that does not occur free in⟪α⟫ or ⟪β⟫.

3. Predicate Abstraction

If γ is an expression whose only two subtrees are αi and β

and ⟪β⟫ is an expression of type t , then ⟪γ⟫ =λvi ,e .⟪β⟫.

4. Pronouns and Traces

If α is an indexed trace or a pronoun, ⟪αi⟫ = vi ,e

5. Non-branching Nodes

If β is a tree whose only daughter is α, then ⟪β⟫ = ⟪α⟫.
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We also have the following type-shifting rules:

1. Predicate-to-modifier shift (MOD)

If ⟪α⟫ is of category ⟨e, t⟩, then:

⟪MOD α⟫ =λPλx .[⟪α⟫(x)∧P(x)]
as well (as long as P and x are not free in ⟪α⟫; in that case,

use different variables of the same type).

2. Argument Raising

If an expression has a translation α of type ⟨F→a ,⟨b,⟨F→c , t⟩⟩⟩,
then that expression also has translations of the following

form:

λF→x "→a λv⟨⟨b,t⟩,t⟩λ
F→y "→c . v(λzb[α(F→x )(z)(F→y )])]

3. Possessive shift

If ⟪α⟫ is of type ⟨e, t⟩, then:

⟪POSS α⟫ =λyλx .[⟪α⟫(x)∧poss(x, y)]
as well (unless y or x is free in ⟪α⟫; in that case, use different

variables of the same type).

4. Iota shift

If ⟪α⟫ is of type ⟨e, t⟩, then

⟪IOTA α⟫ = ιx .⟪α⟫(x)
as well (unless x is free in α′; then choose a different vari-

able).
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